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Abstract. An advanced continuous wavelet transform algorithm for digi-
tal interferogram analysis and processing is proposed. The algorithm is
an extension of the traditional wavelet transform; the mother wavelet and
normalization parameter are selected based on the characteristics of
optical interferograms. To reduce the processing time, a fast Fourier
transform scheme is employed to implement the wavelet transform cal-
culation. The algorithm is simple and is a robust tool for interferogram
filtering and for whole-field fringe and phase information detection. The
concept is verified by computer simulation and actual experimental inter-
ferogram analysis. © 2006 Society of Photo-Optical Instrumentation Engineers.
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1 Introduction

Among the numerous computer-aided digital interfero-
gram-processing algorithms capable of extracting whole-
field information on phase distributions (or fractional fringe
orders) from one or more interferograms, the most pre-
dominantly used ones are those that can automatically ana-
lyze interferograms. Typical automatic phase analysis
methods include the phase-shifting method, the Fourier
transform method, and the wavelet transform method.
Compared with the phase-shifting method, where a series
of phase-shifted interferograms are required, the Fourier
transform and wavelet transform methods have the capabil-
ity to extract phase information from one single interfero-
gram.

In the Fourier transform method, the first harmonic of
the Fourier spectra of an interferogram in the frequency
domain is extracted and inversely transformed to obtain the
whole-field phase distributions. This is a simple and fast
procedure; however, an accurate extraction of the first har-
monic is impractical in real applications. The reason for
this is that the Fourier transform yields the spectra of the
entire interferogram and the spectra do not accurately re-
flect the local fringe information.

In recent years, the wavelet transform has been success-
fully applied to image and signal processing. ! Unlike the
Fourier transform, the wavelet transform can detect the
characteristics of local signals. Therefore, the wavelet
transform is particularly helpful for the analysis and pro-
cessing of interferograms where local fringe information is
important. Research on the wavelet transform for interfero-
gram processing has been active for a decade, and different
schemes have been proposed. Early work includes the ap-
plications of a one-dimensional (1-D) wavelet transform to
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the phase analysis of the grid method by Morimoto and
Imamoto” and to the white-light interferometry by Sandoz.?
Tomassini et al.* proposed a 1-D wavelet transform ridge
extractlon techmque for interferogram analysis. Recently,
Liu et al.> proposed 1-D wavelet transform methods for
phase extraction in moiré interferometry; Zhong and Weng
proposed a 1-D wavelet transform profilometry for carrier-
fringe pattern analysis. The methods cited utilize 1-D wave-
let transforms for interferogram processing; their accuracies
are limited due to the simplification of 2-D interferograms
to 1-D transformatlons To analyze moiré 1nterfer0grams n
2-D, Kadooka et al.® proposed an algorithm using a 2-D
continuous wavelet transform to improve processing accu-
racies. However, their algorithm is very complicated and is
only suitable for interferograms with sufficiently uniform
fringes. It should be noted that all these methods require
long computation times, and none of them have yielded
examples with analysis results that are comparable with the
ones obtained using other widely used processing tech-
niques such as the phase-shifting method.

In this paper a novel, advanced 2-D continuous wavelet
transform algorithm capable of handling the mentioned
problems in the existing methods is proposed. The algo-
rithm is simple and fast; it is effective for general interfero-
gram processing such as interferogram filtering and phase
extractions. The details of the proposed algorithm are de-
scribed below.

2 Advanced 2-D Continuous Wavelet Transform
Algorithm

The intensity of an interferogram can be expressed as

1(x) =1y(x) + 1,(x) cos ¢(x), (1)

where x=(x,y) comprises the 2-D coordinates of the indi-
vidual pixel in the interferogram, (x) is the background or
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Fig. 1 Modified Morlet wavelet with different m.

mean intensity, /,(x) is the modulation amplitude, and ¢(x)
is the angular phase information.

In this proposed algorithm, the wavelet transform of an
interferogram I(x) is defined as

W(b,a,0) =a™" f i I(x) - ' Ta”'r_o(x —b)] d’x, (2)

where a>0 is a scale dilation parameter corresponding to
the width of the wavelet, b is a 2-D translation parameter
corresponding to the position of the wavelet, 6 is a rotation
parameter, r_, is the conventional 2 X2 rotation operator
matrix, (x) is the mother wavelet, ¢/* denotes the complex
conjugate of ¢, n is the normalization parameter, and
W(b,a, 0) is the wavelet transform coefficient.

In general signal and image processing using wavelet
transforms, one typical mother wavelet employed to detect
oriented features is the Morlet wavelet. In the proposed
algorithm, the 2-D Morlet wavelet is chosen and modified
for interferogram processing. The modified wavelet is ex-
pressed as

W(x) = exp(— m|x|* + i27x), (3)

where m is a parameter to be determined as described be-
low.

The basic principle of wavelet transform analysis is to
find a certain scale parameter a and rotation parameter 6
that make the mother wavelet best match the local signal.
For interferograms composed of fringes, it is well known
that the ideal way to analyze fringes is using local gratings
with proper frequencies and orientations to match the local
interferogram fringes. This is the reason the wavelet trans-
form is suitable for interferogram processing. To find the
proper parameter m for the mother wavelet, the correspond-
ing real parts (solid lines) and imaginary parts (dashed
lines) of the 1-D mother wavelet function with m=0.5, 1.0,
and 2.0 are illustrated in Fig. 1. Since the fringe frequencies
and orientations may have large variations across an inter-
ferogram, the ideal width of the mother wavelet should be
about one period. Consequently, m=2.0 is a better selection
than m=0.5, though the latter yields the traditional Morlet
wavelet fl.ll’lCthIl and has been employed in existing
algonthms ¥ The superiority of m=2.0 to m=0.5 has been
demonstrated by a number of different experimental inter-
ferograms, regardless of the actual level of noise in them.’
An accurate determination of the best m is related to the
actual interferograms and the Gaussian distribution of the
wavelet function. A future study will focus on optimizing
m. In this proposed algorithm, m is set to 2.0.
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Denoting the local fringe period, orientation, and angu-
lar phase at an arbitrary point b in an interferogram as
A (A>0),0, and ®, respectively, the local interferogram
can be theoretically expressed as

-b (C) —b,) sin ©®
II(X)=10+IQ[211(X X)COS ;(y y)sm +d|. (4)

It should be noted that I, and I, are assumed to be constants
in the local region around point b. The corresponding
wavelet transform of the theoretical local interferogram is

Wi(b,a,0)=a™" J ’ I'x) - ¢’ la'r_y(x - b)] d’x. (3)

The Gaussian distribution of the wavelet function at point b
ensures

Wi(b,a, 6) = W(b,a,0), (6)

where W(b,a,#) and W(b,a, ) are governed by Eq. (2)
and (5), respectively.

Substituting Egs. (3) and (4) into Eq. (5) involves a
simple but tedious procedure. For simplicity, only the final
result is listed below:

W(b,a, ) = az‘”{lon—ﬂ; exp(— g)

I (#{( )2
+—exp|l-—)| -1
2m m | \A

+2— [1 —cos(® - 60)] ) exp(id)

1T ( w (a )2
+—exp|l-—)| —+1
2m m | \A

- z§[1 — cos(® — a)]}) exp(— iCD)] . 7)

Equation (7) clearly shows that n should be set to 2 to
normalize the wavelet transform coefficients. It is notewor-
thy that this selection of n is different from the one em-
ployed in conventional image and signal processing, where
n is set to 0.5 and 1 for 1-D and 2-D cases, respectlvely
Setting n to 1 for 1-D optlcal signal analysis was initially
proposed by Telfer and Szu,'’ and the proposal was then
directly adopted in later work such as Refs. 2, 5, and 8. Our
proposed approach for the first time, to the best of our
knowledge, theoretically and strictly verifies the correct de-
termination of n.

Now, with the normalization parameter n=2, it is evi-
dent that the wavelet transform coefficient with maximum
magnitude can be obtained when a=A and 6=0. In this
case, the third term in Eq. (7) can be neglected, since it is
much smaller than the second term. Consequently, Eq. (7)
can be simplified as
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W(b,a, ) = 10% exp(— g) + 12”—’: exp(i®). (8)

From Eq. (6) and Eq. (8), the phase at point b can be
calculated from

Im W(b,a, 6) )

o -1
¢(b) =® =tan (Re W(b,a, 0) — Io(7/m) exp(— 7 /m)

9)

where Im and Re denote the imaginary and real parts of a
complex value, respectively, and I, can be set equal to the
mean intensity of the interferogram.

Equation (9) shows that it is theoretically quite simple to
extract phase distributions from interferograms. In practice,
however, a direct numerical calculation of Eq. (2) is ex-
tremely time-consuming. This is another serious limitation
of the existing 1-D and 2-D algorithms.%8 Actually, there is
a well-known procedure in signal processing that can be
employed to reduce the computation time of a wavelet
transform, and the algorithm is introduced below.

Defining T=(7,,T,)=a"'r_,(x—b), then

T.=a '[(x-b,) cos O+ (y— by) sin 6],

T,=a '[- (x-b,) sin 6+ (y - b,) cos 4]. (10)
From Eq. (3), we get
WT) =exp(—m|T|* + i27T,). (11)
Therefore,
' (T) = exp(— m| T +i27T,)
= exp{— ma—Z[(x - bx)z + (y - by)z]
+i2ma”'[(b, - x) cos O+ (by— ) sin 6]}
= g(b - X)s (12)
where
L(x) = exp[— ma2(x* + y?) + i2ma" ' (x cos O+ y sin 6)].
(13)
With Egs. (10) and (12), Eq. (2) can be simplified as
W(b,a, ) = a_”f I(x) - ' (T) d*x
=g J I(x) - {(b—x) d’. (14)

Equation (14) involves a convolution of two functions. The
time-consuming convolution operation can be implemented
using the fast Fourier transforms (FFT) described as fol-
lows:

W(b,a,0) = a‘”f I(x) - {(b = x) d>x = a™"I(x) * {(x)

=a"F{F[I(x)]- F[{(x)]}, (15)

where * denotes convolution and - denotes ordinary multi-

Optical Engineering

045601-3

E A

Jl

Fig. 2 Computer-generated phase map with random noise ranging
from —7/4 to w/4.

plication, and where F and F~! denote the forward and
inverse fast Fourier transforms, respectively.

The wavelet transform based on the fast algorithm can
significantly reduce the computation time. With a total
pixel number of N, a direct numerical calculation of Eq. (2)
requires on the order of N? operations, while FFT-based
fast calculation requires on the order of N log,N operations.
This indicates that the fast calculation is at least a few
thousands times faster than a direct calculation for a typical
interferogram larger than 128 by 128 pixels; the efficiency
will be even higher if the image is larger.

The proposed algorithm can be summarized as follows:
for any arbitrary pair a and 6, the wavelet transform coef-
ficients at all points in the interferogram can be calculated
by using Eq. (15). The pair (a, 6) that yield the maximum
wavelet transform coefficient at each point denote the local
fringe period (frequency is 1/a) and orientation at the same
point, and the phase can be calculated from Eq. (9). It
should be noted that there is no available theoretical guid-
ance on determining the sampling intervals of the param-
eters a and 6. In practice, a trade-off between finer param-
eter intervals and shorter computation times needs to be
considered.

Once the phase information, fringe frequency, and ori-
entation are obtained, they can be directly employed for
further interferogram analysis and processing, such as de-
termination of fringe order gradients, by

1

g.,=a  cos b,

16
g,=a ' sin 6. (16)

The phase distributions can also be utilized to filter inter-
ferograms through reconstructing fringes. For a 255-
graylevel interferogram, the filtered interferogram can be
obtained, after normalizing background intensities and
modulation amplitudes, from

I'(x) =127.5[1 + cos ¢(x)]. (17)

3 Simulation and Experiment

A computer simulation was conducted to verify the con-
cept. The interferogram used in the simulation is shown in
Fig. 2, which represents a monotonically increasing phase
map with random noise from —m/4 to w/4. Figure 3 shows
the real phase gradients and the ones detected by using the
proposed algorithm, Kadooka’s algorithm,8 and Liu’s
algorithm6 along the horizontal center line AA’ in the inter-
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Fig. 3 Phase gradients along the horizontal centerline AA’.

ferogram of Fig. 2. With the simple but typical simulated
interferogram, the simulation clearly indicates that the pro-
posed algorithm provides superior results for phase extrac-
tions.

The proposed algorithm was then applied to the real
interferogram in Fig. 4(a), which represents the thermally
induced vertical displacement fringe pattern of a solder ball
interconnection in an electronic packaging component; the
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Fig. 4 Application of the proposed wavelet transform algorithm: (a)
initial interferogram, (b) wrapped phase map, (c) map of fringe order
gradients, (d) reconstructed interferogram, (e) reconstructed inter-
ferogram using 1-D wavelet transform algorithm, (f) reconstructed
interferogram using spatial filtering and phase-shifting technique.
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(a)
Fig. 5 Example of one limitation of the proposed wavelet transform
algorithm: (a) initial interferogram with geometric discontinuities and

erroneous breaks, (b) reconstructed interferogram with apparent er-
rors located in areas of boundaries, discontinuities, and breaks.

experiment was implemented by using microscopic moiré
interferometry. Figure 4(b)-4(d) show the results, where (b)
is the wrapped phase map, (c) is the map of fringe order
gradients, and (d) is the reconstructed interferogram. As
comparisons, Figs. 4(e) and 4(f) show the reconstructed
interferograms obtained by using the 1-D wavelet trans-
form algorithm and the phase-shifting technique (combined
with spatial filtering), respectively. It is evident that the
proposed algorithm yields results that are qualitatively bet-
ter defined. The experiment proved the validation of the
proposed algorithm.

4 Discussion

Applications to computer simulations and actual experi-
ments show that the proposed wavelet transform algorithm
is a very powerful tool for interferogram analysis even
when there exist high-level noises in the images. In spite of
its apparent advantages, however, the proposed algorithm
also has limitations in real applications.

It is understood from Eq. (2) that the continuous wavelet
transform requires the intensity function /(x) be an infinite
continuous function. In reality, an interferogram image al-
ways has boundaries and there might also be material or
geometric discontinuities and erroneous breaks in the inter-
ferogram. Consequently, the data located very close to the
image boundaries, discontinuities, and breaks generally
cannot be accurately analyzed. This is one limitation of the
proposed method. Figure 5 shows one example where the
initial moiré interferometry pattern contains geometric dis-
continuities (i.e., a crack) in the center region and errone-
ous breaks in the lower area. The corresponding errors in
the reconstructed interferogram are evident.

Unlike the phase-shifting algorithm, which uses a series
of phase-shifted interferograms so that directions of phase
gradients can be obtained, the algorithms based on a single
interferogram, including the proposed algorithm, cannot
provide information on the directions of phase gradients. In
other words, the single-interferogram-based algorithms pro-
vide absolute phase gradients only and cannot distinguish
between positive and negative gradients. This could be a
major disadvantage, for fully automatic analyses of com-
plex interferograms (e.g., enclosed circular fringes), of all
such algorithms, including the proposed one.
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5 Conclusion

In conclusion, an algorithm that uses an advanced 2-D con-
tinuous wavelet transform to extract whole-field fringe and
phase information from interferograms is proposed. The
wavelet transform parameters employed in the new algo-
rithm are appropriately determined based on the local
fringe characteristics. To reduce the processing time, a fast
Fourier transform scheme is employed, and it makes the
proposed wavelet transform technique practical for actual
applications. The algorithm is simple and fast, and simula-
tion and experimental results proved its effectiveness.
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