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1 Partial derivatives and extrema

Let  be a subset of R" (n—dimensional space of n—tuples of real numbers)
and let f be a real-valued function on €2. Our course is devoted to the
following problem

PROBLEM 1.1 Minimize (or mazimize) f(x) subject to x € SQ.
The set 2 will be called a feasible set.

Some notation. Let z € R", that is

L1
L2

Then lo| = /30, 27

)

We consider several kinds of minimizers and maximizers.

DEFINITION 1.1 Let f : Q — R be a real-valued function on a subset
Q of R™. A point z* is called a local minimizer (mazimizer) of f over (Q,
if there exists ¢ > 0 such that f(z) > f(z*) (f(z) < f(z*)) for all z € Q
satisfying ||z — z*|| < e.

DEFINITION 1.2 Let f : 2 — R be a real-valued function on a subset
Q of R". A point z* is called a global minimizer (mazimizer) of f over Q,

if f(z)> f(z*) (f(z) < f(z¥)) for all z € Q.
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DEFINITION 1.3 If the inequality in any of these definitions is strict
for  # x*, the corresponding minimizer (maximizer) is called strict.

DEFINITION 1.4 A point that is either a minimizer or a maximizer is
called an extremum.

We restrict our attention to twice continuously differentiable functions.
The standard approach to the problem in one-dimensional case is based on
the following result.

THEOREM 1.1 Let f be twice continuously differentiable function on
some open interval I (I may be infinite). Let x and x* be two different
points from I. Then there exists a point z between x and x* such that

f”(Z)

5 (z — x*)2

f(@) = f(@*) + fi(a")(z — z%) +

PROOF. See almost any Calculus textbook (e.g. [4] (p. 140) or [6] (Ap-
pendix B, p. A41)). Usually this theorem is called ‘Taylor’s theorem’ or
‘Taylor’s formula’. =

Using this theorem we can derive the following result.

THEOREM 1.2 Let f be a twice continuously differentiable function on
an open interval I.
(1) Ifz* is a local minimizer of f over I, then f'(z*) = 0 and f"(z*) > 0.

(2) If f'(z*) = 0 and f"(z*) > 0, then z* is a strict local minimizer of
f over I.

(3) If f'(z*) = 0 and f"(z) > O for every x € I, then z* is a global
minimazer of f over I.

PROOF. (1) Suppose z* is a local minimizer of f over I. Let € > 0 be
such that the condition of the Definition 1.1 is satisfied. Then
f(z) — f(z¥)

—= >0, ifz" <z <z +¢,
T—z




and .
fz) — f(z7)

r—z*
Since f is differentiable at x*, then

<0, fzf—e<z<z’

oy o 4 @) — f2Y)
f(x)_zl—g:r*l-i- T —x* 20
and .
r—T*— T —2x

Hence f'(z*) = 0.

To prove f"(z*) > 0 we assume the contrary, that is, f”(z*) < 0. Since
f" is continuous, then there exists § > 0 such that f”(z) < 0if |z —z*| < é.
Let  # x* be any point satisfying |z — z*| < §. By Theorem 1.1

f”(Z)

f(z) = f(z") = T(i’? — z*)’ (*)

for some z between x and z*. Such z satisfies |z — z*| < 6. Hence the
right-hand side in (*) is negative and z* is not a local minimizer. This
contradiction proves the second statement in (1).

(2) Since f” is continuous, then there exists § > 0 such that f”(z) > 0
for every z satisfying |z — z| < §. Let z # x* be such that |z — z*| < 4.
We use the same argument as above, but in this case the right-hand side
of (*) is > 0. Hence z* is a local minimizer.

(3) Let = be an arbitrary point in I. There exist a point z between z
and z* satisfying (*). Since f”(z) > 0, then f(z) — f(z*) > 0. Hence z* is
a global minimizer. =

DEFINITION 1.5 Let f be a differentiable function on an open interval
I. A point z € I is called a critical point of f if f'(z) = 0.

Remarks. 1 There are some more variations on the theme of Theorem
1.2. For example, if f'(z*) =0, f"(z*) > 0 and f"(z) > 0 for every z € I,
then z* is a strict global minimizer of f over I.

2. One can state and prove similar result for maximizers.
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3. One of the approaches to 2 is: to show that the problem of maxi-
mization of f over €2 is equivalent to the problem of minimization of —f
over ().

4. Using the theorem and its analogue for maximizers we can develop
the following

STRATEGY

for finding local extrema of a differentiable function f of one variable.
1. We find its critical points.
2. We determine the sign of the second derivative at them.

- If f" at a critical point is > 0, then the critical point is a local minimizer;

- If f" at a critical point is < 0, then the critical point is a local maxi-
mizer.

- If f” at a critical point is 0, then an additional investigation is needed
in order to determine the character of the critical point.

One of the standard approaches is to check whether f’ changes the sign
at the critical point.

- If from 4 to —, then local maximizer;
- If from — to +, then local minimizer;

- If does not change sign, then neither one.

The problem of finding global maximizers and minimizers is more diffi-
cult. In some situations the following definition is useful.

DEFINITION 1.6 A real-valued function defined on some set €2 is called
bounded from below if there exists a real number m such that f(z) > m for
every x € {). The function f is called bounded from above if there exists a
real number M such that f(z) < M for every z € €.

The following result immediately follows from the definitions.

PROPOSITION 1.1 Let f be a real-valued function on Q2. If f has a
global minimizer on €2, then f s bounded from below. If f has a global
mazimizer on §2 then f is bounded from abowve.
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Example. Find the local and global maximizers and minimizers of the
following functions:

(a) f(z) = 22° — 92?2 + 12z + 1.
(b) f(z) =z +sinz.
(c) f(z) = 2"

Our next purpose is to extend Theorem 1.2 to n—dimensional case.

We need to recall some definitions from Linear Algebra and Multivariable
Calculus.

DEFINITION 1.7 Let L : R® — R™ be a function. The function L is
called linear if

(1) L(z +y) = L(z) + L(y) for every z,y € R™.
(2) L(az) = aL(z) for every a € R and every z € R™.

DEFINITION 1.8 A function f : R" — R™ is said to be differentiable
at xop € R" if there exist a linear function L : R" — R satisfying

@) = flwo) = L = wo)l| _

= 0.
a ||z — o]

The linear function L determined by f and z is called the derivative of f
at .

Recall (from Linear Alg.). There exists a one-to-one correspondence
between the set of all linear functions L : R™ — R™ and the set of all

m X n matrices with real entries. In more detail: for each such L there
exists an m X n-matrix

l11 lin
lm,l lm,n
such that
T1 ] l T1 hazi 4+ iz,
I T2 _ 1,’1 o 1,’” o | | bzt -+ oz
’ ot - 1 ‘
] T, | m,1 m,n i Ty | I lm,1$1 + ..+ lmmxn |




It turns out that the matrix of the derivative can be easily described in
terms of partial derivatives.

THEOREM 1.3 (Without proof). Let f : R" — R™. The function f
can be written as

hi(z)
fla)=1
fm(z)
If the partial deriwatives of f1,..., fm are continuous at x, then f is differ-
entiable at x and the matriz of the derivative of f at x is given by:
0 1 0 1 0 1
8—;:1(:1:) 6—;;(37) 6—&(53)
Df(z) = : P
Ofm Ofm Ofm
Uo(z) Yoz) ... G2(z)

The matrix of the derivative is usually called the Jacobian matriz.

If f is differentiable at every z in R", then D f(z) may be considered as
a function from R” to the set of all m x n matrices. Using a natural notion
of norm on the set of all m X n matrices we can define the derivative of the
function Df(z) in the same way as before. This derivative will be a linear
function from R” into the set of m X n matrices. It is a rather complicated
object. We shall not study it in this generality.

We shall consider a special case of real-valued functions f : R® - R
satisfying the condition: f has continuous second partial derivatives. In
this case

an,]_ “ .. an,m

The transpose of A is the mxn matrix B satisfying b; ; = a;;. The transpose
of A is denoted by AT.



DEFINITION 1.10 The transpose of Df(z) is called the gradient of f
at x and is denoted by V f(z). That is

_ OZTf ()
o3 ()

Vi@ = |
8 ()

L Oz, A
So Vf:R" — R". The matrix of the derivative of the gradient is called

the Hessian of f at z and (with some abuse of notation) is denoted by
D?f(x). By the description of the derivative mentioned above we have

0% f 0% f
) 0x10x1 (ZU) Tt Ozp01 ({E)
Dfle)=| &+ .
02 02
6;1:18fmn (IB) te 8xn6fwn (ZL‘)

THEOREM 1.4 If f has continuous second partial derivatives, then
o2 f o) — o2 f (z)
axiaxj N 83:J8x2

for every i,j € {1,...,n}.
PROOF. Seee.g[7] (p. 174). m

DEFINITION 1.11 Let A be an n X n-matrix, The matrix A is called
symmetric if AT = A. (Equivalent definition: if a;j = aj; for every ¢,j €

1,...,n})

Theorem 1.4 can be restated in the following way: the Hessian of a twice
continuously differentiable function is a symmetric matrix.

Example. Find the Jacobian matrix, the gradient, and the Hessian of the
function
f(z1, 22, 23) = 23 sin(zy + x3).



Remark. We use the notation f(z1, z9, ..., z,) instead of the more formal

L1
L2

We are going to state an n-dimensional analogue of the Taylor’s Theo-
rem. For this we need an analogue of the notion of the open interval.

DEFINITION 1.12 A subset 2 C R" is called open if for every point
z € ) there exists € > 0 such that y € 2 provided ||z — y|| < e.

Example. The set A={z € R": ||z|| < 1} is open.
The set B={z € R": ||z| < 1} is not open.

To prove the first statement we need the following important inequality,
called “the triangle inequality”. (Its proof is usually discussed in courses
of Linear Algebra.)

|z + || < ||z|| + ||y||, for every z and y in R".

Now, let z € A (two-dimensional picture). We choose € = 1 — ||z||. Let
|z — y|| < e. By the triangle inequality we get ||y|| < ||z]| + ||y — z|| <
|z|| + (1 = [|z]|) = 1 (here we use ||y — z| = ||z — y||). Hence y is also in
A =

To prove the second statement we need to show that for some x € B
and for every € > 0 there exists y € R" such that ||z — y|| < € but y is not
in B.

If we sketch the picture in two-dimensional case and observe that the
condition above means that there are points that are ‘very close’ to z but



not in B. For this reason it is natural to choose z satisfying ||z|| = 1. Now
let € > 0 be arbitrary. One of the possible choices of y is:

y = (1—|—§):1:.

With this choice of y we have ||z —y[| = § < e and [ly[[ =5+ 1> 1, so
y¢B. =

DEFINITION 1.13 The line segment between points z and y in R" is
the set of all points z of the form z =az 4+ (1 —a)y, 0 < a < 1.

THEOREM 1.5 (Without Proof). Let Q be an open subset of R".
Suppose that x,x* € €2 and that the line segment between x and x* 1s
contained wn . Suppose also that f : 2 — R has continuous second
partial derivatives. Then there exrists z on the line segment between r and
x* such that
f(@) = £(5) + Df (e")(z — %)+
1

S — ) D () (x — 2°),

where the products are products of matrices and by AT we denote the trans-
pose of A.

Remark. The standard approach to the proof of this theorem is the
following. We consider a function h(t) defined by h(t) = f(tz + (1 —t)z*).
This function is twice continuously differentiable and is defined on some
open interval containing [0, 1]. Observe, also that h(0) = f(z*) and h(1) =
f(z). Applying the (one-dimensional) Taylor’s Theorem to h we get the
result.

THEOREM 1.6 If z* is a local minimizer (or a local mazimizer) of f
over an open set S, then Df(z*) = 0, that is %(x*) = 0 for every i =
1

RN (3



PrROOF. We shall prove the result for local minimizers only (for maximiz-
ers the proof is the same). Let

For each positive integer ¢ satisfying 1 < 7 < n we introduce a function h;
of one variable z; as

hz(xz) = f(.’l?’{, SRR x;'k—lﬁ L, x;'k—}—lﬂ SR x;)

Let € > 0 be such that ||z — z*|| < € implies z € Q and f(z) > f(z¥).
(Existence of such ¢ follows from the definitions of an open set and of a
local minimizer.) With such choice of € the point z} is a (global) minimizer
of h; over the open interval (z} — €, z} + ¢) (two-dimensional picture). By

the one-dimensional result we have %% (z*) = 0. It remains to observe that

dx; 1
dhi, .. Of

dz, ") = g5 (2)-

|
To derive some consequences of these theorems we need some more def-
initions.

Let A be an n X n matrix with real entries. The real-valued function
z +— T Az on R" is called the quadratic form associated with A.

DEFINITION 1.14 (a) A quadratic form 2T Az is called positive definite
if 7 Az > 0 for every z € R", = # 0.

(b) A quadratic form zT Az is called positive semidefinite if 2T Az > 0
for every z € R".

(c) A quadratic form zT Az is called negative definite if x7 Az < 0 for
every ¢ € R", = # 0.

(d) A quadratic form 27 Az is called negative semidefinite if x7 Az < 0
for every x € R".
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(e) A quadratic form z” Az is called indefinite if 27 Az > 0 for some
z € R™ and 27 Az < 0 for some other z € R™.

With this terminology we can state a multidimensional analogue of the
one-dimensional result proved earlier.

THEOREM 1.7 Let f : R — R be twice continuously differentiable.

1. If z* is a local minimizer of f over R", then Df(z*) = 0 and
T D2 f(z*)x is positive semidefinite.

2. If Df(z*) = 0 and 2T D*f(z*)z is positive definite, then x* is a strict
local minimizer of f over R™.

3. If Df(z*) = 0 and 2T D*f(2)z 1is positive semidefinite for every
z € R", then z* is a global minimizer of f over R™.

PROOF. 1. By Theorem 1.6 it is enough to show that if Df(z*) = 0 and
2T D? f(z*)x is not positive semidefinite, then z* is not a local minimizer.
Suppose that 27 D? f(z*)x is not positive semidefinite. It means that there
exists u € R™ such that u” D%f(z*)u < 0. Since f is twice continuously
differentiable, then the mapping 2 — u” D?f(z)u is a continuous function
from R" to R. Hence there exists ¢ > 0 such that if ||z — 2*|| < ¢, then
uTD?f(z)u < 0. Let § > 0 be any number satisfying ||du|| < . Let
x = z* + du. Using the Taylor’s Theorem we get

Fla* +6u) = £(a%) + 3 (6u) D (2) (bu),

where z is on the line segment between z* + du and z*. That is z =
a(z* + 0u) + (1 — @)z* = z* + adu, where 0 < a < 1. Therefore

||z — z*|| = ||adu|| = a||dul| < ae < e.

Hence

%(5u)TD2 £(2)(6u) = %52(#02 F(2)u) <0
and f(z) < f(z*), so z* is not a local minimizer.

2. Is similar, but somewhat more complicated. Without proof.
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3. Let x € R" be arbitrary. By Taylor’s Theorem we have

f(@) = 1) + e =)D () @ — o)

for some z between x and x*. Since the quadratic form associated with
D?f(2) is positive semidefinite, then (z — z*)T D?f(2)(z — z*) > 0. Hence
f(z) > f(z*). m

Remarks. 1. There exists a natural analogue of this result for maximizers.

2. Parts 1 and 2 of Theorem 1.7 remain to be true for any twice con-
tinuously differentiable real-valued function on an open subset of R".

Theorem 1.7 and the first remark after it suggest the following approach
for finding local maximizers and minimizers of f : R* — R.

DEFINITION 1.15 A point * € R" is called a critical point of f if
Df(z*) =0.

STRATEGY
Step 1. We find all critical points of f.

Step 2. For each critical point x* we verify whether the quadratic
form T D?f(z*)z is positive definite or negative definite. (It is the so-
called Second Order Sufficient Condition (SOSC)). The points that satisfy
SOSC are either strict local minimizers (positive definite) or strict local
maximizers (negative definite).

Step 3. For each critical point z* that does not satisfy SOSC we verify
whether the quadratic form 27 D?f(z*)z is indefinite. The points at which
it is the case are neither local minimizers nor local maximizers.

In the remaining cases the problem is more complicated and we shall
not discuss it.
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At the moment we cannot really use this strategy because we do not
know how to establish the required properties of quadratic forms.

Now we shall study quadratic forms. We need the following result on
properties of transposes.

THEOREM 1.8 (Lin. Alg.) Let matrices A and B be such that the
product AB 1s defined. Then

(a) (AB)T = BTAT;

(b) (ATYT = A;

Let A be a square matrix. Then
(c) A+TAT is a symmetric matri.

(d) The quadratic forms associated with A and A+2AT are the same.

PrROOF. We shall prove the statement (d) only. Observe that all 1 x 1
matrices are symmetric. Hence (z7 Az)T = 2T Az. Using (a) and (b) we
get 2T ATy = 2T Az. Therefore

T <A+AT> B 2T Az + 2T AT g B 22T Ax _ T
T 5 x = 5 =3 =z Ax.

Another proof: to write both quadratic forms in terms of entries of A
and x. m

Now we prove a criterion that allows us to determine whether the quad-
ratic form 27 Qx is positive definite for a symmetric matrix Q.

DEFINITION 1.16 Let Q be an n X n matrix. The leading principal
minors of () are det () and the determinants of the matrices obtained from
() by removing the last k£ columns and the last k£ rows (k=1,...,n—1).

Example. Let

L

I
N JURS
00 W N
© o ot



Leading principal minors of () are

det{% 4:1 EJ;det[;) i], det[1].

DEFINITION 1.17 A symmetric matrix A is called positive definite (po-
sitive semidefinite, negative definite, negative semidefinite, indefinite) if
the associated quadratic form is positive definite (positive semidefinite,
negative definite, negative semidefinite, indefinite).

THEOREM 1.9 (Sylvester’s Criterion.) A symmetric matriz Q is
positive definite if an only if all leading principal minors of QQ are positive.

PROOF. We shall use the following notation:

q11 --- Qdin
Alz(h,h A2:det[qm qm],...,An:det :

21 Q22 '
qni1 --- Qnn

Step 1. If Ay = 0 for some 1 < k < n, then @ is not positive definite.

By a well-known result from Linear Algebra the condition A; = 0 implies
that there exists a non-zero vector

]
: | €RF
o ]
such that
qi1 --- QL T 0
Gk -+ Qkk T 0
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Let _ .

L1
Tk
= R".
T 0 c
L 0 =
Let us show that 27 Qz = 0. Consider
— — B x]. ]
qu ... quk ... an
. . . . T
Qr=|aq1 - Gk - Gn 0
_Qn,l - Qnk .- Qn,n_ -6-

From the definition of the product of matrices and (*) it follows that this
product is of the form

that is, the upper k entries are zeros.
Hence _ -
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Step 2. Assume that the numbers Ay, Ag, ..., A, are nonzero. Then
there exists a basis in R" such that

1 A JAVEE
T 1 2 n—1 -9
T =87+ —i5+ -+ z,,
¢ A2 A, "
where z1, Zo, ..., T, are the coordmates of  in the new basis.
Let {f1,..., fu} be some basis in R";
Jii
fi= f2’l eR", i=12,...,n
| fn,i ]
Let
Ty
=1 : |,
T
where Z1, ..., Z, are the coordinates of x in the basis f1,..., f,. Then, by
the definition of these notions we have
T fl 1 ... f 1,n T
T fn,l . fnn jn

We write this equ~ality in the~form z = Fz. Hence 27 = #TFT and 27Qz =
FTFTQFz = z7Qz%, where Q = FTQF.
We shall choose the basis fi, ..., f, in such a way that

I. The matrix F' is upper triangular, that is f; ; = 0 if j < ¢ (each entry
below the diagonal is equal to zero).

I1. QF is lower tm’angular and each entry on the diagonal is equal to 1.

III. fl,l A7f22 -'7fnn_ A,
To find such F' we solve the following systems of equations
o
Q1o Quk Sk :
P : : = 0
Q1 - ek Srk ]

16



This system has a unique solution because (as we have assumed) Ay # 0.

If k=1, we get a trivial system g;.1f1,1 = 1. Its solution is f1; = ql% =

A%' For k > 1 we get (using Cramer’s rule):

gix ... Qg1 0

det| = 7

Qk-11 -+ Qr-1k—1 O

k1 .- Qrr—1 1

frg = = =.

Q1 --- Qi
det : :
k1 --- Gk

Expanding the determinant in the numerator with respect to the last
column we find that it is equal to Aj_;. Hence

frp = AAk:-

Straightforward verification shows that /" satisfies I and II.

What can we say about Q = FTQF?

Since Q = FT(QF), using the properties of F' and QF we get:

A. Q has the entries fi1,-- -, fnn on the diagonal.

B. Q has zero entries above the diagonal.

Also QT = (FTQF)T = FTQT(FT)T = FTQF (we use the facts that Q
is symmetric and (FT)T = F). Hence

C. Q is a symmetric matrix.
Conclusion. The matrix Q = FTQF is of the form

_f1,1 0O ... O
0 fop -
to 0 |
0 ... 0 fun |

where

_ 1 _Al _An—l
fl,]._A_17f2,2_K27---,fn7n— An .
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We have

A 0 0 )
0 AV : Z1
2TQe=3T(FTQF)E = (&, ... &) | = 2 (') Pl =
: . . An—l 53”
| 0 0 ==t
1 Al An—1~
A x1+A2m§+ A 2.

Step 3. We use this representation to finish the proof of the theorem.
We need to show

a. If all leading principal minors of () are positive, then @ is positive
definite.

b. If one of the leading principal minors of () is non-positive then @ is
not positive definite.

To prove a we use the representation proved in Step 2. In fact, if z # 0,

then at least one of the numbers Z1, ..., %, is nonzero. Let Z; # 0. Then
:L‘Qa:—— +A2 o+ -+ Ann z, > A, zy > 0.

To prove b we consider two possibilities:

- one of the leading principal minors is 0;

- all of the leading principal minors are nonzero and some of them are
negative.

The first possibility was already considered in Step 1 where we proved
that in this case @) is not positive definite.

Consider the second possibility. Let k& be the smallest positive integer
satisfying A < 0.
Let © = fi (the vector of the new basis with the corresponding in-

dex. Then the coordinates of x with respect to the basis fi,..., f, are
0,...,0,1,0,...,0, where 1 is the kth coordinate.

18



Therefore 27 Qz = AA’“:, if k> 1, and 27Qz = A%, if k=1.

In any of these cases 7 Qz < 0 (in the first case we use the assumption
that Ap_1 > 0). [ |

Remark. In order to determine whether 27 Qz is positive definite for non-
T
symmetric () we apply Sylvester’s criterion to % (It is OK because the

quadratic forms associated with ) and Q+TQT are the same, see Theorem
1.8 (d).)

Warning. For non-symmetric ) it may happen that all leading principal
minors of () are positive, but the form z7 Qz is not positive-definite.

Example. Let
2 01
Q=18 20
10 2

It can be verified that all leading principal minors of () are positive but
the quadratic form z”7 Qz is not positive definite.

Remark. Observe that 27 Qz is negative definite if and only if 7 (—Q)z is
positive definite. Therefore in order to determine whether z7 Qz is negative
definite we apply the Sylvester’s criterion to —(Q).

Example. Show that the matrix

—3 1 1
Q=] 1 -3 1
1 1 -3

is negative definite.

The remark above can be used to derived the following criterion.
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THEOREM 1.10 Let Q be a symmetric matrix,

N1 --- Qn
Q — . .
dn,1 --- Q4nn
Let
qgi1 --- qin
Ar=q1, A2=det[(]1’1 q1’2],...,An:det : :
q2,1 G22
qn,1 --- Q4nn

Then @ is negative definite if and only iof
A1 <0, >0,A3< 0,...,(—1)”An >0

(the leading principal minors of odd orders are negative and the leading
principal minors of even orders are positive.)

Proor. Let Aq,..., A, be the leading principal minors of —(). By the
remark above () is negative definite if and only if Ay > 0,...,A, > 0. So
it is enough to prove that A; = (—1)*A;. This identity follows from the
following fact: the determinant of the matrix obtained after we change the
signs of all entries in a column (or a row) of a matrix B is equal to — det B.
u

To formulate a criterion for positive semidefinite quadratic forms we
need the following definition.

DEFINITION 1.18 Let Q be an n X n matrix. A principal submatriz of
@ is a submatrix obtained in the following way: we remove some collection
of columns of () and remove the collection of rows with the same indices.

Example. Let

O
I
Ot I DN
O 3 W
co O =
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Principal submatrices of () are

zzé A3ilas]i]s ] e mm

Remark. It can be proved that an n X n matrix has 2" — 1 principal
submatrices.

DEFINITION 1.19 Determinants of principal submatrices of () are cal-
led principal minors of Q.

THEOREM 1.11 A symmetric matriz Q) s positive semidefinite if and
only if all principal minors of Q) are non-negative.

WITHOUT PROOF. The proof of this result requires more results on de-
terminants than are usually included into a Linear Algebra course. m

Remark. To prove Theorem 1.11 one can use the fact that () is positive
semidefinite if and only if Q) + &1 is positive definite for every € > 0, where
I is the identity matrix.

Warning. It may happen that all leading principal minors of a matrix are
non-negative, but the associated quadratic form is not positive semidefinite.

Example. Let

It can be shown that although all leading principal minors of () are non-
negative, the quadratic form z7 Qz is not positive semidefinite.
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Remark. A quadratic form 2”7 Qz is negative semidefinite if and only if
2T (—Q)z is positive semidefinite. Therefore in order to determine whether
T Qz is negative semidefinite we apply Theorem 1.11 to —@Q.

This remark can be used to prove the following criterion.

THEOREM 1.12 A symmetric matrix @ is negative semidefinite if all of
its principal minors of odd orders are non-positive and all of its principal
minors of even orders are non-negative.

PROOF. Can be proved in the same way as Theorem 1.10. =

Remark. A quadratic form z”Qz is indefinite if and only if it is neither
positive semidefinite nor negative semidefinite.

Using Theorems 1.11 and 1.12 we get:

THEOREM 1.13 A symmetric matriz QQ s indefinite if ethter one of its
principal minors of even order is megative or it has principal minors of
odd orders of different signs. In particular, @) is indefinite if some of its
diagonal entries are positive and some others are negative.

Now we know (at least in principle) how to answer the question: whether
the quadratic form 27 Qz positive definite, positive semidefinite, negative
definite, negative semidefinite, or indefinite?

QT+Q

1. If Q is non-symmetric, we symmetrize it, that is find -

2. We use the table:

positive definite leading principal minors are > 0

negative definite leading principal minors of odd orders are < 0 &
leading principal minors of even orders are > 0

positive semidefinite all principal minors are > 0

negative semidefinite principal minors of odd orders are < 0 &
principal minors of even orders are > 0

indefinite none of the listed above, see Theorem 1.13
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Remark. It is worthwhile (at least for matrices of high orders) first to
find the signs of principal submatrices of small orders. The first step is
to look at the diagonal (this can be done even before we symmetrize the
matrix, because symmetrization does not change the diagonal).

Examples. Is the quadratic form z7 Qxz positive definite, positive semi-
definite, negative definite, negative semidefinite, or indefinite?
(a)
—2 11 100 1000
1 -2 12 14
=141 2 s
4 7 15 4
Solution. Since some of the elements on the diagonal (=principal mi-
nors of order 1) are negative and some other elements on the diagonal are
positive, the matrix is indefinite.
(b)
-2 1 0
Q=11 -2 1
-4 1 =2
Solution. All diagonal elements are negative. Hence the quadratic form
can be either negative definite, negative semidefinite or indefinite.

The matrix is not symmetric.
So we consider

-2 1 =2
T
T = ¢ _;Q = 1 -2 1
-2 1 =2
Principal minors of order 2 of T" are:
-2 1 : -2 =2
1 9 = 3 (twice) and ‘ 9 o =0

All of them are non-negative, so to answer the question we have to compute
the principal minor of order 3, that is det 7. We have detT = 0 (since
(e.g.) the first and the third columns coincide).
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Hence 27 Qz is negative semidefinite.

Exercises. 1. Let

3 0 0
Q=] 2 -3 0
0 2 -3

Is the quadratic form 27 Qz positive definite, positive semidefinite, neg-
ative definite, negative semidefinite, or indefinite?

2. Whether the quadratic form 2”7 Qz is positive semidefinite?

(b)

Now we can use the strategy for finding local minimizers and local max-
imizers that was described earlier.

Example. Find the critical points of the function f. Determine (if possi-
ble) the nature of the critical points using the Hessian.

1 1
f(z1, w9, w3) = 27 + Pl z2)* + g(:lu + z)% 4 €.
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Solution. Df(x1, s, z3) = 0 is equivalent to the system

2¢1 + (1 + 22)° + (z1+ 22)2 =0
(214 22)* + (214 22)> =0
2$3€$§ =0

Subtracting the second equation from the first we get 2z; = 0, so z; = 0.
Now, we get from the second equation x3 + z3 = 0. It has two solutions

x9 = 0 and z9 = —1. The third equation is equivalent to z3 = 0.
0 0
Two critical points: | 0 | and | —1
0 0
D*f(z) =
2+ 3(z1 +z2)° +2(x1 +22)  3(z1+ 22)” + 2(z1 + 22) 0
3(z1 + 22)? + 2(x1 + x2) 3(z1 + 22)? + 2(z1 + x2) 0
0 0 2¢?3 4+ 4z2e?3
0 200
D*fl |0 =1000
0 00 2
The corresponding form is positive semidefinite, but not positive definite.
[ 0 -| [(24+3-2 3-2 0 -|
D*f -1 =|3-2 3—-2 0| =
L ol) o 0 2
310
110
|0 0 2
3 1 310
Leading principal minors are 3, =3—1=2,and |1 1 0|=14
11
00 2
0
Hence zT D2 f -1 T is positive definite.
0
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Answer.

0
—1 | is a strict local minimizer;
0

0 | the nature of this critical point is not determined by the Hessian.

Exercise. Find the critical points of the function f. Determine (if possi-
ble) the nature of the critical points using the Hessian.

(a) f($17 T9, 3:3) — (331 — 272)2 —|— a';% _I_ e(x3_1)
(b) f(mla L2, 5[;3) = 513411 + (332 + $3)2 + exg.
(c) f(z1,22,23) P+ o5+ 22120 + 203 + 4oy 2.

T
(d) f(z1,22,23) = (x1+ z2)> — 3(x1 + z2) + 23 + e,

2
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2 Problems with equality constraints

We consider the following problem:

minimize (or maximize) f(z) over the set {z : h(z) = 0},
where f: R” — R and h : R” - R™ (m < n) are continuously differen-
tiable.

Usually the problem is phrased in the following way:
minimize (or maximize) f(z) subject to h(z) = 0,

Let
hi(z)

DEFINITION 2.1 Let Xy, ..., X, be matrices of the same size. They are
called linearly independent if the equality a1 X7 + -+ + a, X,, = 0 (where
ai,...,a, are real numbers) implies a; = .-+ = a, = 0. A matrix X is
called a linear combination of matrices X1, ..., X, if X =0 X1+---+b, X,
for some real numbers b1, ..., b,.

THEOREM 2.1 (Lagrange Multiplier Theorem) Let z* be a local
minimizer (or mazimizer) of f(x) subject to h(z) = 0. Suppose that the
derivatives

Dhi(z*), ..., Dhp(z")

are linearly independent. Then D f(z*) is a linear combination of

Dhy(z"),..., Dhy(z).

WitHOUT PROOF. Can be proved using the Implicit Function Theorem.
We do not discuss the proof because as far as I know you have studied the
Implicit Function Theorem only for one function of two variables. =

How can we use this theorem to find minimizers and maximizers?
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We do the following: we introduce the so-called Lagrangian function:

L(:vl,...,a:n,)\l,...,)\m) =

f(.il?l, ceey ZUn) + Z /\ihi(ml, ceey ZUn)
i=1
and consider the system:

oL
oz,

(1, ey Ty ALy ooy A) =0, =1, m;

hi(xl,...,xn) :O,Z: 1,...,m.

Observation. The Lagrange Multiplier Theorem implies that if

is a local minimizer (or maximizer) of f subject h(z) = 0 and the deriva-
tives Dhy(z*), ..., Dhy(z*) are linearly independent, then there is a solu-
tion of the system of the form

(], oy Ty ALy e ey )

In fact, the Lagrange Multiplier Theorem implies that there exist
by, ..., b
such that .
Df(z*) =) biDhi(z*).
i=1

This equation can be rewritten as

oL
ox,

(Z1,. .y Tp,=b1,...,=by) =0, r=1,...,n
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That is (z3,...,z}, —b1,..., —by) is a solution of the system.

7 nl
To check whether a solution of the system corresponds to a local mini-
mizer we can use the corresponding versions of the second order conditions
(see [2], Section 19.5). But in this case the conditions become rather com-
plicated and we shall not study them.

It turns out that in many cases we can find even global minimizers and
maximizers without using second order conditions.

To state and prove the corresponding result we need the following.

DEFINITION 2.2 A subset A C R" is called closed if its complement
(that is the set of all points in R" that are not in A) is open.

Examples. A= {z: ||z|| <1}, B={z: ||z|| > 1} are closed sets.

PROPOSITION 2.1 Let h : R® — R™ be a continuous function. Then
the set {x € R" : h(z) = 0} s closed.

PROOF. We need to prove that the set A = {z € R" : h(z) # 0}
is open. Let z € A. Then ||h(z)|| > 0. Let § = ||h(z)|| > 0. By the
definition of a continuous function there exists € > 0 such that ||y —z|| < ¢
implies ||h(y) — h(z)|| < §. Therefore if ||y — z|| < e then ||h(y)|| >
IA(@)]| = l1h(z) — h(w)]l > [1h(z)]| - § = 0, 50 h(y) # 0 and y € A. Hence
A is open and the set {x € R": h(z) =0} is closed. m

DEFINITION 2.3 A subset A C R" is called bounded if there exists
0 < C < oo such that ||z|| < C for every z in A.

Examples. 1. A; = {z € R": ||z|| < 2} is bounded.
2. Ay ={x € R": ||z|| <2} is bounded.
3. A3 ={z € R": ||z|| > 2} is unbounded.
4. Ay={z e R": |z1| < 1,|z2| < 1,...,|z,| < 1} is bounded.
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THEOREM 2.2 (Weierstrass Theorem). Let A be a closed bounded
subset of R" and let f be a continuous function f : A — R. Then f has
global minimizers and global mazximizers over A.

WITHOUT PROOF. [ hope that you will study this result in Advanced
Calculus. =

COROLLARY 2.1 Consider the problem:
Minimize and maximize f(z) subject to h(z) =0

(f and h are as above).
Suppose that
(1) The derivatives
Dhy(z), ..., Dhy(z)
are linearly independent for every x satisfying h(z) = 0.
(2) The set {z : h(z) =0} is bounded.

Let z',...2% € R" (here 1,...,k are upper indices) be the z— compo-
nents of the solutions of the system
oL
axr(ml,...,xn,)\l,...,/\m) =0, r=1,...,n;

hi(z1,...,2,) =0,i=1,...,m,

where
L(wla---,wn,)\l,...,)\m) —

f(.ﬁl)l, ceey :En) + Z /\ihi($1, ey :Bn)
1=1

Let j € {1,...k} be such that
F(af) = min f(a')

1<i<k
Then z/ is a global minimizer of f subject h(x) = 0.
Let s € {1,...k} be such that

f(2*) = max f(a®).

1<i<k

Then x® is a global maximizer of f subject h(xz) = 0.
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PrROOF. The set {z : h(z) = 0} is bounded by (2) and is closed because
h is continuous. Hence the function f has a global minimizer z* subject
h(z) = 0. According to the observation above z* is the z-component of
some solution of the system. Hence z* is among z!, ..., z*. Hence both
f(@?) < f(z*) and f(2’/) > f(z*). Hence z’ is a global minimizer. The
same argument work for maximizers. m

Example. Find global minimizers and global maximizers of

2
f(331, 9, 1173) = gﬂ?? + D) + 333‘3

subject to
h(z1, T2, 23) = 1 — 23 — 25 — 323 = 0.

Solution. We are going to use Corollary 2.1. Let us verify that its condi-
tions are satisfied.

Condition (1). Observe that one vector is linearly independent if and

only if it is nonzero. We have
Dh(z) = [-2z7 —2z9 — 6z3].

Hence Dh(z) = 0 if and only if z = 0. But the vector £ = 0 does not
satisfy h(z) = 0. Hence Dh(x) # 0 for every z satisfying h(z) = 0.

Condition (2). Observe that h(z) = 1 — ||z||> — 22%. Therefore, if
h(z) = 0, then [|z||> = 1 — 222 < 1. Hence the set {z : h(z) = 0} is
bounded.

The Lagrangian function for our problem is:

2
L\ zy1, x9,23) = gzz::{’ + 29+ 373+ A (1 — 27 — 25 — 323)

We get the following system of equations:



In the case when z; = A we get (from the 4th equation)
1-A2— (5)°=3(L)°=0 or 1=X+ L

This equation does not have real roots. One of the possible proofs: If
[A| > 1, then A* > 1if [A| < 1, then 55 > 1if |[A] =1, then A\* + 5; = 2.
In the case when z; = 0 we get (from the 4th equation)

1 3

1-0P———-——=0
402 4)2
— 1 —
=% A=+l
0 0
We get two solutions % and —%
2 2
We have
0 0
fllz])=2 M\ -z]) =2
1 _1
2 2
Answer:
0
3 | is global maximizer of f subject h(z) =0
i
2
and
0
—3 | is global minimizer of f subject h(z) = 0.
i
2

What if the condition (1) of Corollary 2.1 is not satisfied?

If the condition (1) is not satisfied at finitely many points we add these
points to the collection z',...z* and continue in the same way as in the
corollary. If there are infinitely many such points, additional investigation
1S necessary.
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What if the condition (2) of Corollary 2.1 is not satisfied? Although
there is no theory in general, there are some important cases in which we
can use the same approach.

Some notation. Let f : R" — R. We write lim;),« f(z) = oo if for
every real number M there exists a real number N satisfying the condition:

if ||z|| > N then f(z) > M.

Example. lim||$||_>oo e”"’“ = OQ.

In fact, let M be a real number. If M < 0 then the condition is satisfied
for any choice of N, because el®ll > 0 for every z. If M > 0, we let
N =InM. If ||z|| > N then (by the monotonicity of e”) we have el“ll >
eN =elnM — ),

THEOREM 2.3 Let f : R® — R and h : R — R™ be continuously
differentiable. Suppose that the derivatives

Dh1 (IE), DhQ({E), c ey Dhm(l‘)

are linearly independent for each z satisfying h(z) = 0, the set A = {z :
h(z) = 0} is unbounded, and
lim f(z) = oo.
||z[| =00
Then the function f does not have global mazimizers subject h(z) = 0 and

its global minimizers subject h(z) = 0 can be found in the same way as in
Corollary 2.1.

PrROOF. The statement concerning global maximizers can be derived
from the definitions in the following way. Assume the contrary. Let z* be
a global maximizer of f subject h(z) = 0. Since lim|y||-00 f(z) = o0, then
there exists N such that f(z) > f(z*) if ||z|| > N (we apply the definition
with M = f(z*)). Since the set {z : h(z) = 0} is unbounded, we can
find # such that ||Z|| > N and h(Z) = 0. Hence there exists Z satisfying
h(Z) = 0 and f(Z) > f(z*). This contradicts the assumption that z* is a
global maximizer.
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Minimizers. Let u € R"™ be any point satisfying h(u) = 0. Since
limyiz 00 f(2) = 00, then there exists a real number N such that f(z) >
f(u) when ||z|| > N. Consider the set

A={z: h(z)=0and ||z]] < N}.

The set A is bounded and closed. The boundedness is obvious. Let us
sketch the proof of the fact that A is closed. We need to show that {z :
z ¢ A} is open. Let = ¢ A. Then either ||z|| > N or h(z) # 0. In the first
case we let € = ||z|| — N. In the same way as in our first example of an
open set we show that, if ||y — z|| < &, then y ¢ A. In the second case we
let § = ||h(z)|| and repeat the argument of Proposition 2.1.

By the Weierstrass Theorem there exists at least one global minimizer
of f over A. We denote one of the global minimizers by z*. To finish the
proof it is enough to show that z* is a global minimizer of f over A, that is
to show that for every z satisfying h(z) = 0 we have f(z) > f(z*). There
are two possibilities for z: either ||z|| < N or ||z|| > N. In the first case
z € A and f(z) > f(z*) by the definition of a global minimizer over A.
In the second case f(z) > f(u) (by the choice of N). On the other hand,
since u € A (it also follows from the choice of N), then f(u) > f(z*). We
get f(z) > f(u) > f(z°). m

Observation. We may use this theorem in unconstrained case.

Here is the corresponding version of the theorem.

THEOREM 2.4 Let f : R" — R be continuously differentiable and
lim)jz)| 00 f(z) = 00. Then

- f does not have global mazximizers;

- Let z', ..., z% be the critical points of f. Let j, 1 < j < k be such that
f(27) = minj ;i f(2'). Then 37 is a global minimizer of f over R".

Some more notation. Let f: R" — R. We write limj;|_ f(7) = —

if for every real number M there exists a real number N satisfying the
condition: if ||z|| > N then f(z) < M.
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Remark. There exist natural analogues of Theorems 2.3 and 2.4 for func-
tions satisfying limyj( e f(7) = —00.

In many cases it is difficult to show that lim;)|- f(z) = oo using the
definition. In order to state a theorem that is very useful in this context
we need to recall some definitions and facts from linear algebra.

DEFINITION 2.4 A real-valued linear function on R" is called a linear
functional. Linear functionals on R" form a linear space, it means that the
following two conditions are satisfied: (a) the sum of two linear function-
als is a linear functional; (b) a scalar multiple of a linear functional is a
linear functional. Linear functionals ¢q, g9, ..., gz on R" are called linearly
independent if a1qg1 + -+ - + arqr = 0 implies a1 = - -+ = a,, = 0.

Fact. A function ¢ : R — R is a linear functional on R" if and only if

there exist real numbers Ay, ..., A\, such that
I1
q : = MNz1+ -+ Ay
xn
The numbers Ay, ..., A, are uniquely determined by q.

Examples. The functions ¢;(z1, 29, z3) = z1+ 22+ 323 and ga(z1, 9, x3) =
10z3 are linear functionals. The function q3(z1,T2,23) = 71 + 23 + 23 is
not a linear functional.

Fact. Linear functionals ¢, ..., g, on R" are linearly independent if and
only if
)\171 B )\17,1
det | : . i | #0,
An,l e )‘n,n
where Ag1,..., A, are the real numbers corresponding to the functional
k-
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Example. The functionals 1 + x9, 2 + 3 and x1 + x3 are linearly inde-
pendent functionals of R3.

THEOREM 2.5 (a) Let ¢1,qa, - . ., g, be linearly independent linear func-
tionals on R" and P, : R — R 1 =1,...,n be such that

lim P;(2) =00 and lim Pi(z) = oo.
Z—00 Z——00

Then

n

lim sz(q@(fl?)) = 00.

lal =00 4=
1=

(b) Suppose that limy;||_o0 f(x) = 00 and that g(x) is such that g(z) > C
for some real number C' and every x € R". Then lim;)500(f(2) +g(z))
0.

(c) Suppose that lim, e f(z) = oo and that h : R — R satisfies
lim, o h(z) = co. Then

Jim_A(f(2) = .

WITHOUT PROOF. ®

Remark 1. It is worthwhile to emphasize that the number of functionals
in this theorem coincide with the dimension of the space.

Remark 2. In particular, the theorem can be used when P; are polyno-
mials with even degrees and positive coefficients near the highest powers.

Remark 3. There exists a similar result concerning functions satisfying

lim| |3/ 00 f(2) = —00.
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Example. Let
1
f(z) = 5(5171 +x9)* — (71 + 22)° + 75 + 5.

Show that

“ 1|i|m f(z) = oo.

Use this result to find global minimizers and global maximizers of f over
R".

Solution. f(z) can be written as

where
q1 (37) =21+ T2
¢2(x) = 9 are linearly independent
Q3(11?) = T3
P - l ! - 2 : . o .
Plgjg . ;22 ? leading coefficients are positive
Pz(z) B A and degrees are even
3 pr—
Hence,
lim f(z)= oo.
l|lz||—o0

Hence f does not have global maximizers.

The equation Df(z) = 0 is equivalent to the system

2(33‘1 + :172)3 — 2(:13‘1 + :172) =0
2(371 + 332)3 — 2(371 + 332) + 229 =0
423 =0  equivalent to z3 = 0.

Subtracting the first equation from the second we get 2z = 0, so z3 = 0.
Using this we get from the first equation 223 — 2z; = 0
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Three solutions =z, =1, z; = —1, 1 =0.

e it peies |0 | | 0| & [o].
Lol” Lol Lol

0 0 0
We have
1 [ —1 0
fljoff=-z r|| of)=-1 1|0
0 |0 0
Hence _
1 -1
0| and 0
0 0

are global minimizers of f over R".

Exercises. 1. Find global minimizers and global maximizers of

f@1, 32, w3) = 2(z1 + 22)* — (21 + 22) + 25 + 5.

2. Let f(z) = 2§ — 27123 — 42129 + 3 + 522, Show that
lim f(z) = oo.

T—00
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3 Linear Programming

Let f, hy, ..., h; be linear functionals on R™ and b4, ..., b; be real numbers.
The problem
minimize (maximize) f(z)

subject h;(z) < b;, i=1,...,k

is called a linear programming problem or LP problem.

Example. Maximize 10z, + 1129 + 1223 subject
T1+ T2 S 1;

z1+ z3 < 2;
112, + 1225 + 1325 < 100.

It turns out that each LP problem is equivalent to a problem of the form

minimize ¢!z

subject Az =b and =z > 0,

where ¢ € R", A is an m X n matrix (m < n) of rank m, b€ R™and z > 0
means that each coordinate of z is non-negative. (A has rank m means
that n > m and that A has m linearly independent columns.)

This form of a linear programming problem is called standard.

LP problems arise in many different contexts. (See [3], [2] (Section
15.2) or any textbook on linear programming.) We shall discuss only one
example.

Transportation Problem

Some commodity is made at m plants P, ..., P,. Let o; be the supply
(the amount of the commodity that can be made) at the plant P,. The
commodity is sold at n markets M, ..., M,. Let §; be the demand (the
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expected amount of the commodity that will be sold) at the market ;.
Let a; ; be the cost of transporting of one unit of the commodity from the
plant P; to the market M;. Suppose that the total supply (> -, 0;) is
equal to the total demand (3_7_, d;).

Problem. Determine the amounts that should be transported from each
plant to each market in order to minimize total transportation cost.

To see that this problem is an LP problem denote by z; ; the amount of
the commodity that we are going to transport from P; to M;.
We have

Zw‘i,j = dj; (1)
i=1

> mij=oy; (2)
j=1

Total transportation cost is Z:’;l T=1Qi T -

So in this case the space is m X n dimensional, and the mathematical
statement of the problem is:

Minimize the linear functional (on R™*")

m,n
fle)= D aijmi
i=1,j=1
subject to constraints (1), (2) and (3).

It is clear that this problem satisfies all the conditions on standard-form
LP problems except the condition on the rank. (We shall come back to
this condition later.)

Now we shall study standard-form problems.

Observation. Since A is of rank m, then the equation Az = b has at least
one solution. (Can be proved using some basic Linear Algebra.)
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DEFINITION 3.1 A solution x of Ax = b is called feasible if x > 0.

DEFINITION 3.2 A vector z that minimize ¢’z over the set of vectors
satisfying Ax = b and = > 0 is called an optimal feasible solution.

Our purpose is to find optimal feasible solutions (or to show that they
do not exist).
Example. Minimize 22, + 4z9 + x3 + x4 subject to
T — Ty = 3;
T3 — T4 = O;
x> 0.

It is a standard-form LP problem with

A:[1—10 0

0 0 1 —1]
;-
3 4
b—[5],c— )
1

The matrix A has rank 2 because (for example) the first and the third
columns are linearly independent.

The vector
3
0
1 _
Y715
0
is a feasible solution of Az = b. The vector
0
-3
2 _
v 0
-5
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is an unfeasible solution of Az = b.

THEOREM 3.1 Letx € R" be an optimal feasible solution of a standard-
form LP problem with the minimal possible number of nonzero coordinates.
Let z;,, ..., x;, be the non-zero coordinates of z. Let ay,...,a, be columns

of A. Then aj,,...,a; are linearly independent.

k

PROOF. Assume the contrary. Then there exist {\;}7_;,

that

not all zero, such

k
> Njai, =0. (%)
j=1

There are two cases: either at least one of the numbers

AL,y Ak
is positive or all of them are non-positive. We consider only the first case
because in the second case we can replace Aq,..., A by —Aq,..., —Ar. Let
€ 1= min{% : over all j satisfying A; > 0}. Since z;,...,; are the
J

non-zero coordinates of x and x > 0, then € > 0.

The definition of € implies that

(1) Tj; — 6)\j 2 0.

In fact, for j satisfying A\; < 0 the assertion follows from € > 0 and
z;; > 0. For j satisfying A; > 0 we have ¢ < z;,/); (by the definition of
€), hence z;, —e); > 0.

(2) At least one of the numbers {z;, — e;}*_, is equal to 0.

In fact, it is the case for j satisfying e = %

We introduce the vector y € R" by

yi, = Ajfor j=1,..., k.

y=0ifl & {iy,... 0}
and let 2z =z — ey. Then
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zi, =xj; —eAjfor j=1,... k.

z1=0if 1 ¢ {iy, ..., 0}

From (1) we get z > 0. From (2) we get: the number of non-zero
coordinates of z is strictly less than the number of nonzero coordinates of
T.

Also, the equation (*) can be rewritten as Ay = 0. Hence Az = A(z —
ey) = Az —eAy = Az = b. Hence z is a feasible solution with less nonzero
components than z.

To get a contradiction it remains to show that z is an optimal feazible
solution, that is ¢’z = Lz,

We have z =z —ey and L'z = ¢
Ty =0.

Let 6 = murl{é%| 9, # 0}. Inis clear that § > 0. We have also
(z + éy) > 0 and E:c — dy) > 0 In fact, for k satisfying y; = 0 it follows
from z;, > 0 and for k satisfying y; # 0 we have (by the definition of §)
z > Olyg|. Hence zj — dyx > 0 and zy + dyi > 0.

Since Ay = 0, then A(z + dy) = A(z — dy) = 0. Therefore the vectors
(z 4+ dy) and (z — dy) are feasible.

Since the vector z is optimal, it implies ¢’z < cT(z + dy) and Iz <
cI'(z — dy). It implies 0 < 6cTy and 0 < —dcTy. Hence 6cTy = 0. Since &
is non-zero, it implies ¢’y = 0.

Ty —ecTy. So it is enough to show that

We get: z is an optimal feasible solution and the number of non-zero
coordinates of z is less than k. It contradicts the choice of 2. This contra-

diction shows that the vectors a;,, ..., a; are linearly independent. =

k

Theorem 3.1 can be used to construct an algorithm for finding optimal
feasible solutions.

THEOREM 3.2 (Lin. Alg.) Let A be a matriz of rank m and a;,, . .., a;,
be linearly independent columns of A. There exists an invertible m X m

submatriz B of A such that a;,, ..., a; are among columns of B.
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Theorems 3.1 and 3.2 can be used to derive the following

COROLLARY 3.1 If the problem has optimal feasible solutions, then
some of them can be found in the following way:

Choose all invertible (m x m) submatrices B in A. Solve all the systems
Bz = b that we get. Remove all solutions that have negative coordinates.
For each of the remaining solutions consider the corresponding vector in
R™. (The correspondence is described below.) Compute the values of ¢z
for all obtained vectors. The vectors x for which the corresponding value
is minimal are optimal feasible solutions.

What do we mean by the corresponding vector in R"? Let ay,...,a, be
the columns of A, and let a;,,...,a; be the columns of B. Let
<1
z =
Zm

be a solution of Bz = b. Then the vector z € R" corresponding to z is
defined by z;, = zj for j =1,...,mand z; = 0if [ & {i1,...,0p}.

It is convenient to use the following definition.

DEFINITION 3.3 A solution of Az = b corresponding to an invertible
m X m submatrix B of A is called a basic solution.

Now we can describe the algorithm in the following way:

ALGORITHM. We find all basic feasible solutions of Ax = b and evalu-
ate the function ¢’z at them. If the problem has optimal feasible solutions,
then any of the basic feasible solutions minimizing ¢’z is one of them.

Why is it true?

PROOF. If the problem has optimal feasible solutions, we can choose one of
them, say x, with the minimal possible number of non-zero coordinates. By
Theorem 3.1 the columns a;,, . . ., a;, corresponding to non-zero coordinates
of x are linearly independent. By Theorem 3.2 there exists an invertible
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m X m submatrix B of A containing the columns a;,,...,a; . But then z is
the basic solution corresponding to B. (To see this we need to recall the fact
that Bz = b has a unique solution, the definitions of matrix multiplication
and of a solution corresponding to B.) =

This algorithm has the following drawbacks:

(1) If optimal solutions do not exist, the algorithm gives a vector that
(of course) is not an optimal solution.

(2) Working with this algorithm we have to consider all m x m sub-
matrices of A (and it may happen that all of them are invertible). From
Combinatorics we know that an m X n matrix has Wim), m X m submatri-
ces. In applications, for example, to transportation problems the numbers
m and n are large. In such situations it is unpractical and sometimes even

impossible to use this method.

Efficient methods for solving linear programming problems were devel-
oped by L. Kantorovich, T. Koopmans and G. Dantzig. The most popular
is the simplex method designed by G. Dantzig.

But if m and n are (very) small numbers the algorithm is efficient for
solving standard-form linear programming problems provided we know that
optimal feasible solutions exist.

One of the cases when optimal feasible solutions exist is described by
the following theorem.

THEOREM 3.3 Suppose that all entries of A and b are nonnegative and
each column of A has at least one strictly positive entry. If the system
Az = b has feasible solutions, then it has optimal feasible solutions.

PROOF. Let Q be the set of all feasible solutions. That is Q = {z : Az =
b and = > 0}. Since the system Az = b has feasible solutions, the set (2 is
non-empty.

Claim 1.  is closed.
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PROOF. The complement of 2 consists of points x such that either Az # b
or at least one of the coordinates of z is < 0.

For z satisfying the first condition we do the following. We let 6 = ||Az—
b|| > 0. It is well known that Az — b is a continuous function of z. Hence
there exists € > 0 such that if ||z — y|| < e, then ||(Az —b) — (Ay—b)|| <0
and

Ay = bl = [|Az — b]| = ||(Az —b) — (Ay = b)|[ > 6 =6 = 0.
So ||Ay — b|| > 0, therefore Ay # b and y is in the complement of €.

For z satisfying the second condition we choose k € {1,...,n} such that
zr < 0. Welet e = —z, > 0. If ||z — y|| < e, then

yk=2r+ (yr —2k) <zp+ ||z —yl| <zt +E=—2+2=0.

So yr < 0 and y is also in the complement of €2. Hence the complement of
() is open, and €2 is closed. =

Claim 2.  is bounded.

PROOF. Let x € 2. Then x > 0 and Ax = b. The last equation can be
written in the form.

n

Zak,ixi:bk (k‘: 1,...,m). (*)

i=1
By the condition of the theorem for each
je{l,...,n}

there exists k(j) such that ay; ; is strictly positive, that is az;); > 0. We
rewrite the corresponding equality as

n
Ak (j),j L5 + Z Ak(j),iTi = bk(j)‘
i=1,i#j

Since all the numbers z; and a;; are nonnegative, we get
(j),j L5 < Dr(j)-

46



Since ayj),; > 0, we get

b
z; < k(j) _
Ak (j),j
Therefore . . )
br(j)
ol = Yot < 30 (20 )
j=1 j=1 k(J);J

The number in the right-hand side does not depend on z. Hence the set
() is bounded. m

It is well known that ¢!z is continuous (as a function of z).
By the Weierstrass theorem it follows that there exist minimizers (and
maximizers) of cfz over Q (=subject Az =b and > 0). m

COROLLARY 3.2 The algorithm can be used to find optimal feasible
solutions of problems satisfying the conditions of Theorem 3.3.

PROOF. Actually it remains to understand what happens if the problem
does not have feasible solutions. In such a case we use the following version
of Theorem 3.1 (the same proof works):

THEOREM 3.4 Let x € R" be a feasible solution of a standard-form
LP problem with the minimal possible number of nonzero coordinates. Let
Ti,, ..., % be the non-zero coordinates of . Let ay,...,a, be columns of

A. Then a;,,...,a; are linearly independent.

In other words: if the problem has feasible solutions, it has basic feasible
solutions. We may state it differently: if all basic solutions are unfeasible,
then the problem does not have feasible solutions. So the algorithm solves
the problem in this case also. (That is: if all basic solutions are unfeasible,
then none of the vectors in R" satisfy the constraints.) m

Example. Use the described algorithm to solve the following problem:
Minimize f(z) = 221 — 3z9 — 4z3 — 3x4, subject to z > 0 and Az = b
where z € R* and

1120 1
A‘[o 11 1]’ b_[1]'
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It is clear that A and b satisfy the conditions of Theorem 3.3. So we
may use the algorithm.

We list all 2 x 2 submatrices of A:

[1 1] (1 2] 1 0]
Bl__o 1_’32__0 1_’33__0 1]’
(1 2] (1 0] (2 0]
B4__1 1_’B5__1 1_’36__1 1]
It turns out that in this example all of them are invertible.

The corresponding solutions are:

0 ~1 1
1 0 0
1 2 3 __
1ol T 1 " T o |
0 0 1
0 0 0
1 1 0
4 5 _ 6 _
r = O,ZE— 0,217—%,
0 0 5

Observe that z? is not feasible. For the remaining solutions we have

f(zh) = =3, f(23) = -1, f(2!) = f(2%) = —3 and f(2%) = —3.5. Hence

2% is an optimal feasible solution.

Now we shall discuss the following question: how to reduce an LP prob-
lem to a standard-form LP problem?

1. Any LP problem can be restated as
minimize (maximize) d’z
subject Hx < b,
where d € R¥, H is an m x k matrix and b € R™.
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2. It is clear that the problem
maximize d’z
subject Hx < b,

is equivalent to
minimize (—d)’z
subject Hx < b,

3. So it is enough to consider a problem of the form:
minimize d’x

subject Hx < b,

Let
hll e hlk
H=| : .
hmi -+ hpg
We introduce 2k + m parameters {z;}2*7™ in the following way:
qzﬁiiﬁﬂj:L”wh
2
_ |zl ==

2z = ifj=k+1,...,2k

2
k

22k+i :bi — E hz-jxj, 1= 1,...,m.
J=1

It is clear that if = satisfies Hz < b, then {z;}2*T™ satisfy the following
conditions
z; > 0 for every ¢;

Tj=2zj —2pyjfor j=1,...k
and therefore
hi,j(zj - Zk+j) + 2o =0b;; 1 =1,... k.
j=1
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The last equation can be rewritten as Az = b where A is a m x (2k +
m)—matrix given by

[hll eo. hip —hyy ... —=hyp 1 ... O-I
A=+ i ]
[hml o hok —hmt e =R O .. 1J
Let ¢ € R%**™ be given by
g
dg
—d,
c= :
—d,
0
- 0 =

Claim. The problem
minimize ¢’z
subject Az="band z >0

is equivalent to the initial problem.

PROOF. It is clear that with such definition of z there is a one-to-one
correspondence between the feasible sets of the problems. Also we have
¢’z = d"z. Hence the problems are equivalent. m

Remark. It is also clear that the matrix A has rank m. Hence the problem
minimize ¢!z
subject Az=band z > 0

is a standard-form LP problem.
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Example. Find a standard-form LP problem equivalent to the problem
minimize d’x
subject Hx < b,

where d” = [1 2 3],

T 101 1] 5
~1 -1 -1 ~1
H=|2 1 4 |; b=1|10];
3 1 3 10
| -1 -2 —5 | | -3

Answer. It is the problem:
minimize ¢’z
subject Az=5band z > 0,
where ¢ =123 —1 —2 —30000 0],

1 1 1 -1 -1-110000
-1 -1-11 1 101000
A=|2 1 4 -2 -1 400100
3 1 3 -3-1-300010

| -1 -2 -5 1 2 5 0000 1|

and b is the same as in the original problem.

Remark on problems with equality constraints. Suppose that we
have a problem
minimize ¢’z
subject Ax < b and Bz =d,

where ¢,z € R", A is an m X n-matrix, B is a k X n-matrix, b € R™ and
d € R*
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Such problem can be reduced to an LP problem. It is enough to observe
that Bx = d is equivalent to Bz < d and (—B)z < —d. Therefore the
constraint can be written in the form Ez < f, where

A b
E=| B and f=| d
—B —d

are partitioned matrices.

Exercises.

1. One of the important results about determinants is the following
identity due to Vandermonde (see [10] (p. 3)):

Let aq,a9,...,a, be real numbers. Then
1 1 ... 1
al as RN (079
2 2 2

det | af a5 ... a; | = H(a,- — a;).
S >
n—1 n—1 n—1
R ) p |

(The right-hand side is the product of all differences between a; and a;
G >3))

Use this identity to show that for any m and any n > m there exists an
m X n matrix all of whose m X m submatrices are invertible.

2. Use Corollary 3.2 to solve the following problem:
Minimize f(z) = —z1 — 2z9 — 3z3 — 214, subject to z > 0 and Az = b
where z € R* and
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4 The simplex method

As I mentioned before it is unpractical to use the method based on solving
the systems Bz = b for all invertible submatrices. Our next purpose is
to discuss a more efficient method for solving LP problems, the simplex
method. This method was designed by G. Dantzig. Although it is not
efficient for some artificial LP problems, in practice and on average, the
method is very efficient.

To describe the main ideas of the method we need some definitions.

DEFINITION 4.1 A set P of points in R" is called a polyhedron if P =
{z : Az < b} for some m X n matrix A and for some b € R™.

Examples. 1. n-dimensional cube:

I
Co={| ! |: 0<x:<1,...,0<z, <1}

2. Half-plane:
P:{lz”l] .z >0}

3. Angular region:

] : oz <z, 2 < 221}

Remark. All polyhedra are closed (the proof is standard). Polyhedra can
be bounded or unbounded. (In particular, C,, is a bounded polyhedron for
every n. Polyhedra P and B are unbounded.)

DEFINITION 4.2 Let P be a polyhedron. A point z € P is called a
verter of P if there are no two distinct points v and v in P such that
z=au+ (1 —a)v for some 0 < a < 1.
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Examples. Vertices of the cube C,,: a point x in R"” is a vertex of C, if
and only if each of the components of x is either 0 or 1. Half-plane does
not have vertices. The origin is the only vertex of the angular region B.

I shall prove the statements about P and B only.
Vertices of P. Let z be any point in P. Then

R I L R I
- i) _2 £L‘2—1 2 562-|-1 '

o and o are in P,
T9 — 1 o+ 1

Since

 1s not a vertex of P.

Vertices of B. Observe that the inequalities in the definition of B imply
1 > 0 and z9 > 0 for every z € B. Therefore, if 0 = au + (1 — a)v,
0 <a<l, weget vi =u; =0 and vo = up = 0. It proves that 0 is a
vertex. Let us show that it is the only vertex. Let x # 0 be a point in B.
It is clear that 2z € B and that z = 50 + 3(2z). Hence z is not a vertex
of B.

Why we are interested in vertices of polyhedra?

Consider an LP problem
minimize d’z

subject Hzx < b.

Observe that the set {x : Hz < b} is a polyhedron.

THEOREM 4.1 If a polyhedron P has vertices and a linear function d*
is bounded from below on P (that is d*x > C for some real number C' and
for every x € P), then d'x attains its minimum on P at some of the
vertices of P.
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WiTHOUT PROOF. We are not going to use this result. We need it to
understand the idea of the simplex method. =

Remark. It does not mean that d” z attains its minimum only at vertices
of P.

Example. The theorem can be illustrated by an example of a two-
dimensional polyhedron and a linear function of two variables.

Exercise. Let

L1
A=A{] =z eR?: 1+ xo+x3 < 1}
T3

Show that the polyhedron A does not have vertices.

DEFINITION 4.3 A line segment [ joining two vertices of a polyhedron
P is called an edge of P if none of the points of I can be represented as
au+ (1 — a)v, where 0 < a < 1, u,v € P, but u,v ¢ I.

Examples. Half-plane and angular regions do not have edges because in
order to have edges a polyhedron has to have at least two vertices.

PROPOSITION 4.1 The line segment joining two vertices of Cs is an
edge of the cube if and only if the vertices have only one different coordinate.

PROOF. A formal complete proof of this statement is rather boring. We
shall give proofs only in two special cases (all other cases are quite similar).

Case 1. The line segment [ joining

1 1
O and [ O
0 1

55



is an edge of the cube. By definition

voaeal o] N
I={zeR°:z2=A2]01+(1=-X)0i;0<A<1}=
o] 1]

1
{ 0 : 0<A<1}
1—A

So, suppose that some point € I can be represented as au + (1 — a)v
for some 0 < o < 1 and u, v from the cube. Let

U1 U1
u=| uy and v = | vy
usg U3

Let us show that u; = v; = 1 and us = v9 = 0. I give the details only
for the first statement, the second is similar.

We have 1 = auj + (1 —a)v; and 0 < uq,v; < 1. Assume that one of the
numbers uq, v; is strictly less than 1. We consider the case when u; < 1,
the case when vy < 1 is similar. Then, since 0 < o we get au; < a. Since
vy<landl—a>0weget (1—a)vyy<1-—a.

We get

l=au1+(1—a)yy<a+(1—a)=1.

This contradiction implies that u; = 1.

In the same way we prove that v; = 1 and us = vo = 0. If we compare
this fact with the description of I and the definition of the cube, we see
that it implies that u,v € I. Hence I is an edge of the cube.

Case 2. The line segment J joining

1 1
0| and 1
0 1

is not an edge of the cube.
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We have

1 1
J={a|0|+(1—-0a)|1 0<a<l}=
0 1
1

{| 1 -« 0<a<1}

l-«a

In particular,

1 1 1

1 1
z==-|0|+=|1|=|3]|€
2 0 2 i
2

On the other hand

1 1
i)
and the vectors
1 1
1| and | O
0 1

are not in J (because the 2nd and the 3rd coordinates of points in J are
equal to each other). m

DEFINITION 4.4 Two vertices of a polytope P are called adjacent if
the line segment joining them is an edge of P.

Example. Vertices of C,, are adjacent if and only if they have only one
different component. (See Proposition 4.1, where this result is proved in
the case n = 3. The proof in the general case is almost the same.)

Description of the simplex algorithm
(The case when the constraint set is bounded)

Consider an LP problem: minimize ¢’z subject to Az < b.
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Step 1. Find a vertex z° of the constraint set.

Step 2. If the function ¢’z is increasing along all edges with the endpoint
at z° then stop, z° is a minimizer.

Step 3. If the function ¢’z is decreasing along one of the edges with the
endpoint at z°, then we find the corresponding adjacent vertex z!, and
start the Step 2 anew with 2 replaced by z!.

Remark. This description is somewhat imprecise. The actual simplex
algorithm is somewhat more complicated, in particular, because it is sup-
posed to give an answer even if the feasible set is unbounded.

To compare the simplex algorithm with the algorithm discussed earlier
we need the following result.

PROPOSITION 4.2 The set of vertices of the polyhedron correspond-
ing to a standard-form LP problem coincide with the set of basic feasible
solutions.

PROOF. The feasible set of the problem is
Q={zeR": Az =0b,z > 0},
where A is an m X n matrix. Let a4, ..., a, be the columns of A.

Let x be the basic feasible solution corresponding to an invertible matrix
B = [ail, ceey aim].

In particular, z; = 0 if [ ¢ {i1,...,4,}. Suppose that z = au + (1 — a)v,
where u,v € ), 0 < a < 1.

Let us show that w; = v, =0if I & {iy,...,%m}-

We have u; > 0,v; > 0. If one of these numbers is > 0 then awu; + (1 —
a)u; > 0 (we use the fact that 0 < a < 1). It contradicts the fact that
0=z = au; + (1 — a)v;. Hence u; = vy = 0. Hence the vectors

uil U'il

and
U; (%)

m m
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are solutions of the system
Bz =b.

But this system has only one solution (since B is invertible). Hence
R
I R P R P

So u =v = z. Hence z is a vertex.

The other direction. Suppose that z € {2 is not a basic solution of

Az =b. Let z;,,...,x; be the non-zero coordinates of z and let a4, ..., a,
be the columns of A.
Then, by the definition of a basic solution the columns a;,,...,aq; are

linearly dependent.

Let us show that z is not a vertex.

In fact, since a;,, ..., a;, are linearly dependent, then there exist

k

ALy - ooy ALy

not all zero, such that
k
Z )\jaij = 0.
j=1

Let 0 = min{(ﬁ%ﬁ| : over j satisfying A\; # 0}. Then § > 0. Let u,v € R"
be defined by

Ui, = Tj; + (5)\j;

Vi, = Lj; — 5/\j;
and uy = vy = 01if [ & {i1,...,3x}. Since 6 > 0 and Ay,..., A are not all
zero, then u # v.

By the choice of A\; and § we get u, v are in (2. Direct computation shows
that z = %u + %fu. Hence z is not a vertex. m

COROLLARY 4.1 Every LP problem s equivalent to an LP problem
whose feasible set has vertices.
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Another interesting consequence of Proposition 4.2 is the following ge-
ometric description of the algorithm (find all basic feasible solutions and
minimize the function over them): we find all vertices of the feasible set
and choose the vertices at which the value of the linear functional is min-
imal (maximal). And the main drawback of this algorithm is that for
many problems that arise in applications the feasible set has too many
vertices. The simplex method is much better because usually using it we
have to consider relatively few vertices. There exists a precise statement
that describes in mathematical terms what do we mean by “usually” and
“relatively few” here.

A more detailed description of the simplex algorithm for a prob-
lem of the form:

maximize ¢! z

subject to Az < b,
where A is an k x n matrix, b € R*, c € R™

Remark. It turns out that the details of the simplex algorithm are easier
for standard-form LP problems, but the general description is easier for
problems of the form described above.

We have observed that every LP problem is equivalent to an LP problem
whose feasible set has vertices. Therefore we may assume that the set
Q = {z : Az < b} has vertices. Suppose also that we have found one of
its vertices (later we shall discuss how to find a vertex). Denote the vertex
by .

Let aq,...,ar be rows of A and let by, ..., b, be entries of b. We need
the following result.

LEMMA 4.1 If 2° is a vertex of , then there exists an n X n invertible
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submatriz A of A such that A%2° = b0, where
Olil bl
A° = : and b° =

«;

1

. bi,,

PROOF. Assume the contrary. Introduce D = {i: 1 <i <k, aaz’ =
b;}. Our assumption means that D contains no more than n — 1 linearly
independent rows.

From Linear Algebra we know that a homogeneous linear system with
n variables and < n — 1 equations has non-zero solutions. It implies that
a linear homogeneous system with < n — 1 linearly independent rows also
has non-zero solutions.

We apply this fact to the system
ar=0,1€eD.
Let y be a non-zero solution of this system.
Observe that for i ¢ D we have a;z° < b;. Hence there exists € > 0 such
that for 7 ¢ D we have o;(z° + ey) < b; and a;(z° — ey) < b;.
For i € D we have a;(z° + ey) = a;(z° — ey) = b;. Hence (2° + ey) € Q2

and (z° — ey) € Q. Also z¥ = ($O+Ey);(m0_5y). Since (20 + ey) # (z¥ — ey),

then z¥ is not a vertex. m

Next problem is: how to find A° given z°?

To find A° we do the following. We find all rows «; of A satisfying the
condition oz = b; and then find linearly independent subset in this col-
lection of rows using one of the standard procedures from Linear Algebra.

So we assume that a vertex z' € Q and an invertible n x n submatrix
AV of A satisfying the condition above are given. Let E° = {i, ..., 4,} be
the numbers of rows included in A°.

Claim. There exists u’ € R* such that v) = 0 if i ¢ E° and (u*)TA = L.
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In fact, we may define u° € R¥ in the following way v = 0 if i ¢ E°
[wd oW =A%)
Case 1. u’ > 0. Then stop: 20 is optimal, because
c'z® = (by the choice of u°) = (u°)T Az° =
(we use the fact that b; = a;z°, if 1 € EY and u) = 0, if 1 ¢ EY)
— ()b >
(we use the fact that u® > 0 and b > Az for z € Q)
> max{(u)TAz: z € Q} =
(we use the definition of u° again)

= max{c’'z: = € Q}.

Case 2. u # 0. Choose the smallest index i* for which «° has negative
component uj.. Let y° € R" be a solution of the system

ary =0, if k € EY and k # i*;
apy = —1.

This system has a (unique) solution because the matrix of this system
coincide with A%, and A° is invertible.

Important Observation.
cTyO — (UO)TAyO —
(we use the definition of y°, if i € E% and u) = 0, if i ¢ E°)
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Case 2 split into two cases:

Case 2a. oy < 0 for every ¢ € {1,...,k}. Then stop. In this case
20+ \y? € Q for all A > 0, and we have

(2% 4+ M°) = T2 + A(Ty°) = T2 + A(—ul).
Hence
max{c’z: = € Q} = oo,

and the problem does not have maximizers.

Case 2b. o;4" > 0 for some row o; of A. Let A’ be the largest A > 0 such
that z° + \y" € Q, that is

bi — oz’
A= min{—J é },
ozjy
where the minimum is over j satisfying a;y° > 0.

Let j* be the smallest index attaining this minimum. Let E! be the set of
numbers obtained from E° if we replace i* by j*. Let A! be the submatrix
of A consisting of rows with numbers in E! and b' be a subvector of b
corresponding to E'. Let z! = 20 + \0%0.

LEMMA 4.2 (1) cTz! > cT2% unless z' = 2°.
(2) Alz! = bl
(3) Al is invertible.

PROOF. (1). Since cT'y® > 0, then cT(z!) = T (2% + X0%") > T (z°) unless

1131 = LUO.

(2). By the choice of j* we have

0
o _ bin— oz
a;jy°
This equation can be rewritten in the form

bjr = e (¢ + X%y°)
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or bj» = aj*arl.

Let i € E! and i # j*. By the definition of 4° we have a;y° = 0 if i € E°
and i # i*. Hence o;y° = 0 and
bi = iz’ = oz’ + A(ayy)®) =
a;(z° + A%%°) = oy

We have proved
Algl = bl

(3). We have: a;y° = 0 for all rows of A! except aj« and ;-3 > 0.
Hence the row ;- is not a linear combination of the other rows of Al. The
other rows of A! are linearly independent because they are rows of the
invertible matrix A°. Hence the rows of A! are linearly independent, so A'
is invertible. m

Therefore we can start the process anew with A°, 0 replaced by A!, z!.
Denote by u! and y' the corresponding vectors.

Remark. (Geometric meaning). It can be verified that z! is a vertex of Q
and the line segment between z° and z! is an edge of  (unless z° = z?).

Repeating the process we find
A27x27 E27b27 u27 y2; A37 x37 E37 b37 u37 y3; st

Summary

In the jth iteration we start with A7~! /=1 E/=1 =1 and find /L.
If it is non-negative, we stop. In such a case the vector /=1 is the
answer to the problem.

If 4/~! has negative coordinates, we find y/~1.

If it satisfies the condition a;y’~! < 0 for every i € {1,..., k}, we stop.
It means that the maximum in the problem is oc.
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If a;y’~! > 0 for some ¢ € {1,...,k}, then we find A/, 2/, £, b and go
to the (j + 1)th iteration.

From this description we see that the process terminates if in one of the
iterations we get either Case 1 or Case 2a.

THEOREM 4.2 The process terminates.

PROOF. Suppose that the process does not terminate. Since there are
only finitely many submatrices of A, then there exist positive integers m, [
such that m < [ and A™ = A'. Hence 2™ = .

By the observation above we have

Tl <t <o << <<

and Tzt < L'zt unless 2 = zt*L. It follows that

xm:mm+1:_”:xl-

Let r be the largest index for which «a, has been removed from A’ in the
iteration t+1,t = m, m+1,...,l—1, say in iteration p+ 1. Since A™ = A
we know that «, also has been added to A? in some iteration g + 1 with
m<q<I.

Since r is the largest index for which «, has been removed from A? for
t=m,m+1,...,l—1, then for 5 > r we have:

(*) 7 € E?P if and only if j € E* forevery t =m,m+1,...,1.

By the choice of u? and y? we have (uP)TAy? = cTy? > 0. Let (u?)T =
[uf, ..., u}]. It implies that that

u?(aqu) > 0 (x%)
for at least one value of 7. Now we shall show that it is impossible.

1) If j ¢ EP we have u; = 0 by the definition of ”.
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2) If j € EP and j < r, then

a) Since «, was removed from AP, then r is the smallest index of a
negative component of uP. Hence u > 0;

b) Observe that 297! = z%. Tt implies that AX? = 0. Since o, was added
to A? in the iteration g+ 1, then r is the smallest index j that satisfies the
conditions ajy? > 0 or ajz? = b; simultaneously. (Analyse the definition of
Ao and the choice of j*.) It remains to observe that if a;z? < bj, then j is
not in any of the sets E™, E™1 ... E! (we use the fact that 2™ = - - - =
and the definition of the sets E°, E',...). Hence either o;y? < 0 or j ¢ EP.
Since we consider 7 € EP the second case cannot occur. In the first case
we have u‘;-’ozqu < 0, so the inequality (**) does not take place.

3) If j € EP and j = r, then u? < 0 (see the description of the choice of
the row that we remove) and a,y? > 0 (see the description of the choice of
the row that we add).

So wPa,y? < 0.

4) If j € EP and j > r, then j € E? and is not removed from E? in
iteration ¢ + 1 (by (*)). Hence a;y? = 0 (by the definition of y?).
We see that (**) is impossible. Hence the process terminates. =

Now we shall discuss the problem: how to find an initial vertex? It is
worthwhile to emphasize that this problem is non-trivial.

We shall consider this problem for a standard-form LP problem. So we
consider the problem:
minimize ¢’ z
subject to Az =b, z > 0,
where A is an m X n matrix, ¢,z € R", b € R™.
Observe that without loss of generality we may assume that b > 0. In
fact, if some b; < 0 we replace b; by —b; and replace «; (the ith row of A)

by —a;. We get an equivalent system of equations. After doing this for all
negative b;’s we get what we need.
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To find a vertex we consider the following associated artificial problem:

minimize y; +y2+ -+ Ym

subject to [AI][:U]:I), [wl > 0.
Y Y

Observe, that the polyhedron

- (3] wali])-+ (1)

has an obvious vertex:
0
b

(The fact that it is a vertex follows from the proposition describing vertices
of a feasible set of a standard-form LP problem.)

Therefore we can solve the artificial problem using the simplex method.

Observe that the minimum in this problem is > 0. It turns out that if
the set Q = {z: Az =b, £ > 0} is non-empty, then the minimum is 0. In
fact, let z! € Q, then

! O
5]

and the value of the functional on this element is 0.
Hence, if the minimum in the artificial problem is > 0, then the original
problem is ill-posed.

If the minimum is 0, then the optimal feasible solution that we find using
the simplex method is of the form:

20
e
Since it is a vertex of

el = [3]20)
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then the columns of A, that correspond to non-zero coordinates of z° are
linearly independent (see the corresponding proposition). By the same
proposition z° is a vertex of Q = {z: Az =0b, z > 0}.

For more information on the simplex algorithm see [3] and [11].
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5 Solutions of some of the HW problems

1. (HW # 7, Part 2). One of the important results about determinants is
the following identity due to Vandermonde (see [10] (p. 3)):

Let ai,a9,...,a, be real numbers. Then
1 1 ... 1
aq as .. Qy,
2 2 2

det al a2 .« e an = H(al — a’j)'
. ‘. . z'>j
n—1 n—1 n—1
I D) ap |

(The right-hand side is the product of all differences between a; and a;
G > 9).)

Use this identity to show that for any m and any n > m there exists an
m X n matrix all of whose m X m submatrices are invertible.

SOLUTION. The identity implies the following:

COROLLARY 5.1 For any positive integer m and for any real numbers
bi, ..., by such that b; # b; if ¢ # 5, we have:

1 1 1
b by ... b
det ,1 ,2 . " # 0.
S
] bt et L el |
Now, we consider a collection consisting of n real numbers a4,...,a,

satistying a; # a; if ¢ # j. Such collection exists, for example, the collection
of the first n positive integers satisfy this condition.
Let A be the m x n matrix given by

1 1 ... 1
aq as e Qp,
2 2 2
A — a]_ a/2 . an
m—1 m—1 m—1
| 3 a9 Ap ]




Then any m x m submatrix of A satisfy the condition of Corollary 5.1.
Hence its determinant is non-zero, and it is invertible. =

2. (HW # 3, Part 2). State the analogue of the following theorem for
maximizers.

Theorem. Let f: R" — R be twice continuously differentiable.

1. If z* is a local minimizer of f over R", then Df(z*) = 0 and
T D? f(z*)x is positive semidefinite.

2. If Df(z*) = 0 and 7 D? f(2*)x is positive definite, then z* is a strict
local minimizer of f over R".

3. If Df(z*) = 0 and 2T D?f(2)x is positive semidefinite for every
z € R", then z* is a global minimizer of f over R".

ANSWER.

THEOREM 5.1 Let f: R — R be twice continuously differentiable.

1. If z* is a local mazimizer of f over R", then Df(z*) = 0 and
T D2 f(z*)x is negative semidefinite.

2. If Df(z*) = 0 and xT D?f(x*)z is negative definite, then x* is a strict
local mazximizer of f over R™.

3. If Df(z*) = 0 and 2T D%f(2)z is negative semidefinite for every
z € R", then =* is a global maximizer of f over R".

3. (HW # 7, Part 1). True or false?

Let f : R® — R be a twice continuously differentiable function. Let z
be a critical point of f, and D%f(z) be the Hessian at .

(a) If D%f(x) is positive semidefinite, then z is a local minimizer.

(b) If D%f(x) is indefinite, then x is neither local minimizer nor local
maximizer.

(c) If D?*f(z) is indefinite, then the nature of z cannot be determined
using the Hessian.

(d) If D%f(z) is negative definite, then z is a strict local maximizer.
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(e) If D?f(x) is positive semidefinite, but not positive definite, then the
nature of z cannot be determined using the Hessian.

(f) If D?f(z) is negative semidefinite, but not negative definite, then the
nature of x cannot be determined using the Hessian.

ANSWER. (a) False; (b) True; (c) False; (d) True; (e) True; (f) True.

I find it useful to compile the following table:
Let x be a critical point of f : R" — R. Then

D*f(x) the nature of z

indefinite neither local min., nor local maximizer
positive definite strict local minimizer

negative definite strict local maximizer

pos. semidef., but not pos. def. cannot be determ. using the Hessian
neg. semidef., but not neg. def. cannot be determ. using the Hessian

The statements contained in the 2nd and the 3rd lines were stated ex-
plicitly in Theorem 1.7 and in the theorem that you were expected to state
in HW # 3, Part 2 (see Theorem 5.1 above). So we shall discuss the re-
maining statements only. The mentioned theorems contain the following
statements:

- if z is a local minimizer, then D?f(z) is positive semidefinite;

- if x is a local maximizer, then D?f(z) is negative semidefinite.

If D?f(z) is indefinite, it is nether positive semidefinite, nor negative
semidefinite. Hence z is neither local minimizer, nor local maximizer.

The last two statements can be proved using one-dimensional examples.
For example, if f(z) = x®, then 0 is also a critical point, and the Hessian
(in one dimensional case it coincides with the second derivative) at 0 is 0,
but 0 is neither minimizer, nor maximizer (graph). If f(z) = z*, then 0 is
also a critical point, and the Hessian at 0 is also equal 0, but in this case
0 is a strict local minimizer. Observe that the 1 x 1 matrix whose only
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entry is equal to 0 is both negative semidefinite and positive semidefinite,
but neither negative definite nor positive definite. This example proves the
last two statements from the table. m

4. (HW # 6) State an analogue of Theorem 5.2 for functions satisfying
11m||m||_>oo f(il]) = —0O0.

THEOREM 5.2 (a) Let q1,qa, - . -, qn be linearly independent linear func-
tionals on R" and P,: R - R 1= 1,...,n be such that

lim Pi(z) =00 and lim P(z) = oc.
Z—00 Z——00

Then

(b) Suppose that limy;||_o0 f(x) = 00 and that g(x) is such that g(z) > C
for some real number C' and every x € R". Then lim;)|500(f(z) +9(z)) =
0.

ANSWER.

THEOREM 5.3 (a) Let q1,qa, - - -, qn be linearly independent linear func-
tionals on R" and P, : R - R 1= 1,...,n be such that

lim P(z) = —oc0 and lim P(z) = —oc0.
2—00 Z——00
Then .
lim P;(gi(z)) = —o0.
Jim > P

(b) Suppose that lim,-e f(2) = —00 and that g(x) is such that g(z) <
C for some real number C and every x € R". Then limo00(f(2z) +

g(2)) = —oo.

5. (HW # 7, Part 1). Whether limyy(| 00 f(2) = 00, limyjz|»00 f(2) = —00
or neither? Support you answer.
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1.
fz1, m2, m3) = (214 22)* — (21 + 22)° + (w2 + 23)° + (w1 + 202+ 23)° + e%s.

SOLUTION. The function f can be represented in the form 3+, P;(g;(x))
where g1, ¢2, g3, ¢4 are linear functionals on R3:

q1(z) = z1 + 9,

@2(z) = T2 + 3,
g3(T) = x1 + 272 + 73,
qu(z) = x3;
and P,: R —- R, 1=1,...,4, are given by
Pi(z) = 2 = 2%, Py(z) = 28, P3(z) = 2%, Pu(z) = €.
From the well-known properties of polynomial and exponential functions

we get:

lim Pj(z) =00 and lim P;(z) = co.

But the linear functionals ¢; are not linearly independent (and it is im-
possible in principle to find 4 linearly independent functionals on R?). In
such a case (that is, when we have more functionals than the dimension
of the space) we check whether it is possible to find 3 (in general case
n =the dimension of the space) linearly independent functionals among
qi,---,q4. In this example it is possible, for example ¢, ¢ and g4 are
linearly independent because

det

o O =
O ==

0
1| =1+#0.
1

By Theorem 5.2(a) we get
lim Pi(qi(z)) + Pa(q2(z)) + Pa(qa(z)) = o0

||lz[[—o00

Observe also, that the function P3(g3(z)) is bounded from below, more
precisely (z1 + 272 + z3)? > 0. Applying Theorem 5.2(b) we get

lim“w”_m f(:z:) =o0. 1
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2. f(z1, 29, 23) = (21 + 22+ 23)* + (21 + 22)* + 2§

SOLUTION. In this case the function f can be represented in the form
2?21 P;(gi(z)) where P, : R — R, i = 1,2,3 are given by

Pi(2) = 22, Py(z) = 2%, P3(2) = 25
g1, g2, g3 are linear functionals,
q1(z) = 21 + T2 + 73, ¢2(T) = 71 + 22, g3(2) = 73.
It is clear that P;, P, and Pj satisfy

lim P;(z) =oc0 and lim F;(z) = oo.
2—00 2Z——00

But the functionals ¢q1, g2, ¢3 are not linearly independent because

det = 0.

s R
_ O

1
1
0

And in this case (for obvious reasons) we cannot find 3 linearly indepedent
functionals among q1, g2, ¢3. In such cases the answer is: neither (the limit
of f at infinity is neither +00 nor —oo). We are not going to prove this
result in general case, but only for the given example.

From the definitions of infinite limits we see that it is enough to show
that for every real N there exists € R3 such that ||z|| > N and f(z) = 0.

First we find a nonzero vector v such that ¢1(v) = ¢2(v) = ¢g3(v) = 0, for
example

satisfies this condition.

With such choice of v we can show that (for example) the vector Nv
satisfies these conditions. In fact, |[Nv|| = /N2 + (—N)2+ 0% = V2N >
N,and f(Nv) =(N-=N+02+(N-N)*+0*=0. m
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f(ilfl, o, $3) = 100sinx; — 2:17% + 4x — (xl + 1172)2 _ e($2+$3)2.

SOLUTION. In this case the function f can be represented in the form
S Pi(gi(x)) where P, : R — R, i = 1,2,3 are given by

Py(2) = 100sinz — 22° + 4z, Py(2) = —2%, Py(z) = —€*,
and q1, g2, g3 are linear functionals, ¢1(z) = z1, g2(z) = z1 + 22, g3(x) =
x9 + x3. The functionals g1, ¢o, g3 are linearly independent, because

100
det |1 10| =1%#0.
011

Let us show that the functions P;(z) satisfy

lim Pj(z) = —oco and lim Pi(z) = —o0.
zZ—00 Z——00

For P, it follows from properties of polynomials, for P; it follows from
the corresponding property of the exponential function.
Observe that

lim —222 4+ 42 = -0
|z| =00

and that
100sinz < 100 Vz € R.

Hence, by Theorem 5.3(b) (applied in one-dimensional case) we get

lim Pi(z) = —o0

|z| =00

By Theorem 5.3(a) we get limy)00 f(2) = —00. m
6. (HW # 8, Part 2). Let

I
A={| =z | €ER3: gy +xy+23 <1}
T3
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Show that the polyhedron A does not have vertices.

SOLUTION. We find a nonzero vector

U1
v = (%)
U3

satisfying v; 4+ v9 + vg3 = 0. One of the possible choices is

=]
Lo ]

We need to show that any point in A is not a vertex. So let

I
x = | x9 | be any vector from A.
L3

Then z +v and = — v are also in A. In fact, we have to verify that
(21 +v1) + (T2 +v2) + (23 +v3) <1

and
(21 —v1) + (22 —v2) + (z3 —v3) < 1
provided x1 + z9 + z3 < 1.

But (z1+v1)+(z2+vs) +(23+v3) = 21+ 22+ 23+01 +va+v3 = T1+T2+
r3+1—140 =21+ z2+23 < 1. Similarly (z; —v1)+ (22 —ve) + (23 —v3) =
T1+To+T3—v1—va—v3=T1+T2+23—1—(-1)— 0=z + 32+ 73 < 1.

Also z = §(z +v) + 5(z — v) and z 4+ v # z — v (because v is nonzero).
Hence z is not vertex of A. =

General Remark. A similar approach can be used to show that a poly-
hedron Q = {z € R": Hz < b} does not have vertices if (and only if) the
system Hx = 0 has a nonzero solution.
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7. (HW # 8, Part 1). Use the algorithm:

Find all basic feasible solutions and choose the ones with the minimal
value of the function

to minimize f(z) = z1 + 2z9 + 3z3 + 4z4 subject to z > 0 and Az = b,

where z € R* and
321 2 1
a=arotl =]

SOLUTION. All elements of A are nonnegative, and each column of A
contains a strictly positive entry. Hence we may use the algorithm. But
in this case we do not need to consider all invertible 2 x 2 submatrices of
A, because we can immediately prove: the system Ax = b does not have
feasible solutions. In fact, assume the contrary, let

T
)
T3

z =
L4
be a feasible solution. Then z1, 29, x5, 4 > 0 and
3x1+ 2o+ 23+ 204 =201+ 22+ 24 =1
On the other hand for nonnegative 1, z9, 3, T4 We have
311 + 229 + 3 + 214 > 271 + T2 + T4,

and the inequality is strict unless 1 = z9 = z3 = 4 = 0. But the zero
vector does not satisfy Az = b. Hence z is not a feasible solution. This
contradiction proves the statement.

Answer. The feasible set is empty. =
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